NUMERICAL RANGE OF LIE PRODUCT OF OPERATORS
JINCHUAN HOU, CHI-KWONG LI, AND XTAOFEI QI

ABSTRACT. Denote by W(A) the numerical range of a bounded linear operator A, and
[A, Bl = AB — BA the Lie product of two operators A and B. Let H, K be complex Hilbert
spaces of dimension > 2 and ® : B(H) — B(K) be a map whose range contains all operators of
rank < 1. It is shown that @ satisfies that W ([®(A), (B)]) = W([A, B]) for any A, B € B(H)
if and only if dim H = dim K, there exist € € {1, —1}, a functional h : B(H) — C, a unitary
operator U € B(H, K), and a set S of operators in B(H), that consists of operators of the
form aP + bI for an orthogonal projection P on H if the dimension of H is at least 3, such
that
o) {5UAU FR(AT ifAeB(H)\S,

—eUAU* + h(A)I if A€ S,
or

B(A) ieUAU* + h(A)I  if A€ B(H)\ S,
—ieUA'U* + h(A)T if A€ S,

where A® is the transpose of A with respect to an orthonormal basis of H. The proof of
this result depends on the classifications of operators A or operator pairs A, B with some

symmetric properties of W ([A, B]) that are of independent interest.

1. INTRODUCTION

Let A be a bounded linear operator acting on a complex Hilbert space H. The numerical
range of A is the set W(A) = {(Az,x) : = € H,||z|| = 1}, and the numerical radius of A is
w(A) = sup{|A| : A € W(A)}. The numerical range and numerical radius are useful tools in
studying matrices and operators, and have applications in many different areas; for example,
see [10, 11, 13].

There has been considerable interest in studying maps on operators leaving invariant the
numerical range or the numerical radius of different kinds of product A o B of operators A
and B. Such maps are called numerical range preservers and numerical radius preservers,

respectively. Very often, such maps have the form
A EUAU* or A EUAU*, (1.1)

for some complex unit £ and unitary U.
Early results related to the study can be found in [19]. Here we describe some recent

development. In [16], surjective maps ® on the algebra B(H) of all bounded linear operators
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acting on H satisfying, respectively, W(®(A)®(B)) = W(AB) and W(®(B)®(A)®(B)) =
W (BAB) were characterized. In [8], a characterization was obtained of the numerical range
preserver for Jordan product Ao B = AB + BA of operators. In [1], the authors gave a
characterization of maps on matrix algebras which preserve the numerical radius of the usual
product A o B = AB of matrices, and in [4], a characterization was obtained for maps on
standard operator algebras A on a Hilbert space H (including B(H)) which preserve the
numerical radius of operator products. Maps preserving the numerical radius of Jordan semi-
triple products A o B = ABA of matrices were characterized in [6]. The same problem
on Bs(H), the real Jordan algebra of all self-adjoint operators in B(H), was solved in [12].
Moreover, the problem for the case of indefinite skew products of operators was obtained in
[14]. In [21] the authors characterized maps preserving the numerical range of generalized
products of operators between standard operator algebras on Hilbert space H. The maps on
self-adjoint operators preserving the numerical range of ¢{-Lie product of operators [A, Ble =
AB — ¢ BA were characterized in [7] when & # 1. In [5], maps preserving the numerical range
of skew Lie products of operators Ao B = AB — BA* on B(H) and additive maps preserving
the numerical radius of skew Lie products on factor von Neumann algebras are characterized.
In [20], the authors obtained a characterization of maps preserving the norm of Lie products of
matrices on n X n matrix algebra M, (C) with n > 3, where the norm is any unitary invariant
norm. In particular, their result implies the following.
Theorem LPS. Let n > 3 and ¢ : M, (C) — M,,(C) be a surjective map. Then

w([p(A), ¢(B)]) = w([A,B])  for all A, B € My(C)
if and only if there exists a unitary matrizx U € M, (C) such that
P(A) = paUATU* + vl  for all A € M,(C),

where g, va € C depend on A with || =1, AT = A, A, At or A*.

Their proof in [20] based on a result (Theorem PS below) in [24] on commutativity pre-
serving maps on matrices. Denote by C,, the subset of all n x n complex matrices A € M, (C)
with the property that all Jordan cells in the Jordan canonical form of A are of the size 1 x 1
or 2x 2. Amap6: M,(C) — M,(C) is called a regular locally polynomial map if for any
A there exists a polynomial p4 such that 0(A) = pa(A) and {pa(A)} = {A}, where {A}
stands for the commutant of A.

Theorem PS. Letn > 3 and let ¢ : M, (C) — M, (C) be a bijective map preserving commu-
tativity in both directions. Then there exist an invertible matriz T € M, (C), an automorphism
7 of C and a regular locally polynomial map A +— pa(A) such that either ¢p(A) = Tpa(A)T1
for all A € Cp, or ¢(A) = Tpa(AL)T~L for all A €C,.

In this paper, we will characterize maps between algebras of operators on complex Hilbert
spaces of dimensions > 2 that preserve the numerical range (or the closure of the numerical
range) of Lie product. Note that, in [8, 16, 21], to characterize the maps that preserve
the numerical range of AB or AB + BA or the generalized product of operators, one gets

information about the maps by taking the trace of the products whenever the products are
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of finite rank. However, for Lie product, this technique does not work anymore because
Tr([A, B]) = 0 whenever [A, B] is of finite rank.
Denote by W (A) the closure of the numerical range of A. The following is our main result.
Theorem 1.1. Let H, K be complex Hilbert spaces of dimension > 2 and ® : B(H) — B(K)
be a map of which the range contains all operators of rank < 1. Then the following statements

are equivalent.
(1) @ satisfies that W([®(A), ®(B)]) = W([A, B]) for any A, B € B(H).

(2) ® satisfies that W ([®(A), ®(B)]) = W([A, B]) for any A, B € B(H).
(3) dim H = dim K, and there exist € € {1,—1}, a functional h : B(H) — C, a unitary
operator U € B(H,K), and a set S of operators in B(H), which consists of operators of the

form aP + bl for an orthogonal projection P on H if dim H > 3, such that either

eUAU* + h(A) if A€ B(H)\ S,
—eUAU* + h(A)T if A€ S,

B(A) =

or

ieUAU* + h(A)I  if A€ B(H)\ S,

P(A) =
—ieUAU* + h(A) if A€ S,

where Al is the transpose of A with respect to an orthonormal basis of H.

At a first glance, for dim H > 3, one may think that the finite dimensional case of Theorem
1.1 is an easy consequence of Theorem LPS above. However, much effort is needed to deter-
mine the structure of the functional A — p4 to arrive at the conclusion on € in our theorem.
When dim H = 2, the choice of the set S is less restrictive and our proof requires a different
treatment. Furthermore, it is worth pointing out that a difficulty in proving Theorem 1.1
comes from the lack of a corresponding result as Theorem PS in the infinite dimensional case.
Therefore, alternative approach is needed.

Note also that the assumption “the range of ® contains all operators of rank < 1”7 in
Theorem 1.1 cannot be removed simply. For example, if H is infinite dimensional, we can
identify H with H & H and define a map ® : B(H) — B(H & H) by ®(4) = A& A for all
A € B(H). Then ® preserves the numerical range of Lie products as W(A) = W(A & A) for
all A. However, ® is not of the form in Theorem 1.1. It would be interesting to see the above
assumption can be removed in the finite dimensional case and the structure of ® still can be
characterized.

If we assume that the map ® is continuous (under any operator topology such as the norm
topology, strong operator topology and weak operator topology), then we get the following.

Corollary 1.2. Let H, K be complex Hilbert spaces of dimension > 2 and ® : B(H) —
B(K) be a continuous map of the range containing all operators of rank < 1. Then the
following statements are equivalent.

(1) @ satisfies that W ([®(A), ®(B)])

(2) ® satisfies that W ([®(A), ®(B)])

W ([A, B]) for any A, B € B(H).
W ([A, B]) for any A, B € B(H).
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(3) There exist a unitary operator U € B(H,K), a scalar ¢ € {—1,1} and a continuous
functional h : B(H) — C such that either

O(A) =cUAU* + h(A)I for all A€ B(H);

or

®(A) = icUA'U* + h(A)I for all A€ B(H).

The proof of the main theorem depends on the classifications of operators A or operator
pairs A, B with some symmetric properties of W([A, B]) that are of independent interest.
These results will be presented in Section 2. The proof of the main theorem will be given in

Section 3.

2. OPERATORS WITH SYMMETRY ON THE NUMERICAL RANGE OF THEIR LIE PRODUCTS

In this section, we obtain classifications of operators or operator pairs with symmetry on
the numerical range of their Lie products. The results are useful in the proof of the main
theorem and are of independent interest. We begin with the following lemma; see [2, 3, 9, 28].

Lemma 2.1. For any complex matrix M € M, (C), if the boundary of its numerical range
OW (M) contains an elliptic arc of length > 0, then the elliptic disc is contained in W (M)
and the two foci of the ellipse are eigenvalues of M. Particularly, if W(M) is an elliptic
disc, then its foci are eigenvalues of M; if W (M) is a circular disc centered at 0, then 0 is
an eigenvalue of M of multiplicity > 2 with its geometric multiplicity strictly less than its
algebraic multiplicity.

Denote by P = P(H) the set of all operators of projections P in B(H) and P; = P1(H) be
the set of all rank-1 projections in P(H). Let Fi(H) be the set of all bounded linear operators
of rank < k. The following proposition gives a characterization of projections perturbed by a
scalar, that is, the quadratic normal operators, in terms of the numerical range of Lie product.
Note that, if dim H = 2, for every pair of operators T, S € B(H), W ([T, S]) is an elliptic disc
centered at 0 (may be degenerate) and thus we always have W ([T, S]) = —W ([T, S]). So the
following proposition does not hold for the case dim H = 2.

Proposition 2.2. Let H be a complex Hilbert space with dim H > 3 and A € B(H). Then
the following conditions are equivalent.

(1) Ac CP(H) +ClI, i.e., A= aP + BI for some a,3 € C and P* = P = P?> ¢ B(H).

(2) For any B € B(H), W([A, B]) = —W([A, B]).

(3) For any B € F1(H), W([A, B]) = -W([A, B]).

Proof. (1)=(2).

Let A€ CP(H) + CI. As the case A = ol is obvious, we may assume that, there exists a
olp, 0

0 Blu,

By1 B 0  Bi
and a # (. For any B = € B(Hy ® Hs), [A,B] = (a«—p3 )
( By B ) ( » 14,8l ) —By 0

space decomposition H = Hy & H such that A = ) with dim H; > 0, i =1, 2,
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Iy, 0
0 I,
W ([A, B]) = =W ([A, B]), that is, (2) is true.
(2)=-(3) is obvious.
(3)=(1). We consider two cases.

Let U = ; then U is unitary and U[A, B]U* = —[A, B]. So, we always have

Case 1. A is quadratic, that is, there exist scalars «, § such that
(A—al)(A-pI)=0.

If A=al or A= (I, (1) holds. So, in the sequel we assume that A ¢ CI.

If A is not normal, that is, not a combination of some projection and the identity I, then
there exists a space decomposition H = H; ©& Hs @ Hs ® Hy with dim H; = dim Hy # 0 such
that

A= ( OJOHl ﬁl’; ) ® aly, @ Blg,,
where D € B(H», Hy) is injective and has dense range; see [26]. Under unitary similarity we
may assume that H; = Hy = Hy and D > 0, that is, (Dx,z) > 0 for all nonzero x € Hy. If
D has an eigenvalue dy; with unit eigenvector z, take do; = 0; if D has no eigenvalue, for any
e > 0, take a unit vector x = z. so that ||D|| < \/(Dx,x)? + £2. Take a unit vector y so that
r Ly and Dx = dy1@ + do1y with dj; > 0 and dg; > 0. Then d2; + d3; < ||D|? < d3; + &2

din dan 0
and do; < €. Thus D can be written as D = | dy; dos Doz | and

a 0 0 d11 d21 0
0 a 0 don dy D3
0 0 I 0 D3 D
A— (e 23 33 (2‘1)
0 0 O I5] 0 0
0 0 O 0 I6] 0
0 0 O 0 0 61
Let
00 0 0 0O
1 00 0 0O
00 0 0 0O
B = (2.2)
1 00 0 0O
00 0 0 00O
00 0 0 00O
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It follows that

d; 0 0 0 0 0

dy 0 0 —din —do1 O

X = [A,B] = 0 00 © 0 O

ﬁ—a 0 0 —d11 —d21 0

0 00 © 0 0

0 00 © 0 0

Thus

2d;; 0 0 B—a 0 0 01 0 0 0 O
0 0 0 —dy 0 0 1 0 0 0 -1 0
. 0 0 0 0 00 00 0 0 0 0
XFX=Gi+Ge=1 5 a0 —2an 00 |70 0 0 0 -1 0
0 0 0 0 00 0 -1 0 -1 0 0
0 0 0 0 00 00 0 0 0 0

If do; = 0, X + X* = (31 is a rank-3 self-adjoint operator of trace 0 and so W (X + X*) #
-W(X 4+ X*).

Assume do; # 0. Solving the characteristic equation, we have
2 4
o(G1) = {1 = 2/rcosf, Ao = 2/rcos(f + %), A3 = 2{/rcos(0 + 3)},

_ 5di +la—pl? _ 11 ™
where r = 1/ (ZL5220)3 > 0 and 6 = £ arccos(— ) As 0 < <1, we have § <6 < %,

which implies that Ay > 0, Ay < 0, A3 > 0 and )\1+>\2—|—)\3 =0. So W(Gl) = [)\g,max{)\l, )\3}]

is not symmetric to 0. Furthermore,

5
’/\2’ > max{)\l, /\3} >\ > 2\3/;C0873r > \/gdu. (2.3)

Note that W (G2) = [~3(3 4 v/5)da1, 5(3+ V/5)da1]. Since di; > || D|| —e and 0 < dyy < €, by

Eq.(2.3), we see that
\/>d11,\/7d11 C W(G1)

for sufficient small ¢ > 0 and hence, W(X + X*) # —W (X + X*).

Thus, we have proved that W ([A, B]) # —W([4, B]). As a result, if A is an quadratic
operator, then (3) implies that A is of the form A = aly, ® B1lg,, that is, A is a normal
quadratic operator and (1) holds.

Case 2. A is not a quadratic operator. We have to show that A does not satisfy (3).

By Kaplansky’s Theorem [17], there is © € H such that [z, Az, A%x] =span{z, Az, A%z}
has dimension 3. Take an orthonormal basis {ej,e2,es} of [x, Az, A%z] with e; € [z] and
ez € [x, Ax]. Then, with respect to the space decomposition H = [e1]®[e2] @ [e3]®{e1, €2, €3},

A has the matrix representation of the form

air a2 a1z A
A | 2 a2 a Agy
0 a3 azz Az

0 0 A43 Ay
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with a1 > 0, and ags > 0.
If Ayy # 0, then there exists unit vector e4 € {ey,ea, 63}J‘ and positive number asy such

that Ayy = agqes ® eq. With respect to the space decomposition H = [e1] @ [ea] @ [e3] ® [e4] ®

{e1,...,eq} ", we have
ain a2 a1z an Ais
az agz agzz a0
A= 0 a3z a3 a3 Ass
0 0 a4z awu Ass
0 0 As3 Asy Ass
Let
01 0 0O
000 0O
B=e1®ey= 0O 0 0 0 0
000 0O
000 0O
so that
—ag1 a1l —agzy —azz —azg 0
0 asi 0 0 0
[Av B] = 0 0 0 0
0 0 0 0 0
0 0 0 0
Then
—2a1  aj; —age —agzz —az 0
ail — a9 2a91 0 0 0
[A,B]+[A,B) = | —as 0 0 0 0
—a24 0 0 0 0
0 0 0 0 0

is of rank three, and hence W ([A, B]) # —W([A, B]).
If Agq = 0, then, taking the same B as above gives

—2a21  a;;1 —aze —azz 0 0
ail — a9 2a91 0 0 0
A, B+ [AB=| —as 0 0o 00 |,
0 0 0 0 0
0 0 0 0 0

which is of rank three and W ([A, B]) # —W ([A, B]) if a3 # 0.

So we may assume further that as3 = 0 and then A may be written in the form

ain a2 a3 aia Ars

as1 ass 0 0 0

A= 0 ags asz3 azge O
0 0 a3 ag Ags
0 0 As3 Asy A5
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In this case one picks

01 00O
01 00O
B=(e1+e)®ea=] 0 0 0 0 0
0 00 0O
0 00 0O
so that
—az1 ant+az—az 0 0 0
—ao1 asy 0 0 O
[A, B] = 0 ass 000
0 0 000
0 0 000
Then
—2ag; ail +aig —azg—ax 0 0 0
ain + a2 — az — a1 2a2: azz 0 0
[A,B]+ [A,B]" = 0 a3z 0 0 0
0 0 0 0 O
0 0 0 0 O
is of rank three as ag; > 0 and agz > 0, and consequently, we have again W([A, B]) #
_W((4, B]).
This completes the proof of the implication (3)=-(1). O

The following result gives a characterization of combinations of rank-1 projections and I in
terms of the numerical range of Lie product.

Proposition 2.3. Let H be a complex Hilbert space with dim H > 3 and A € B(H). Then
the following conditions are equivalent.

(1) Ac CP1(H)+CI, i.e., A= ax ® x + (I for some «a, 8 € C and a unit vector x € H.

(2) For any B € B(H), W([A, B]) is an elliptic disc centered at 0.

(3) For any B € Fi1(H), W([A, B]) is an elliptic disc centered at 0.

Proof. (1)=(2). Assume A = ax ® x + I with € H a unit vector and «, f € C. Then,
for any B € B(H), [A, B] = a(x ® B*x — Bx ® ). It follows that [A, B] can be represented as

0
C

o O 2

0
0 |0
0

for some nonnegative numbers a,b,c. Clearly, abc = 0 implies that W ([A, B]) is an ellipse
centered at the origin 0 (including the degeneration case). Assume abe # 0.
0
Let X =1| b . Clearly

o O 2
o O O

C

o(X) = {1, A2, A3} = {0, _\/%7 \/%}7



NUMERICAL RANGE OF LIE PRODUCT OF OPERATORS 9

3
d=Tr(X*X)=> [N =a>+0*+ —2ab=(a—b)*+c* >0
j=1
and
1Q 2 * 32 1
)\:’IY(X)—i—g(Z\)\j] Aj = Tr(X*X?) =0+ —(0+0) =0,
j=1
which coincides with the eigenvalue A\; = 0 of X. By Theorem 2.3 and 2.4 of Ref [18], W (X)
is an elliptic disc with foci {—+/ab, vab}, which is centered at 0. So, (2) is true.

(2)=-(3) is clear.

(3)=(1). Applying Proposition 2.2, we see that A = a«P + A\ for some projection P and
scalars o, A. Without loss of generality, we may assume that o # 0 and P # 0,1. Assume,
on the contrary, that A ¢ CP; + CI; then dim H > 4 and there exists a space decomposition
H = H| & Hy & Hs such that

A=A ®aly, ® ply,,

where a # (8 and

a 0 0 0
0 o 0 O OéIQ 02
A = = .
0 0 8 0 02 pIy
000 3
Let B= B ®0® 0 with
-1 1 2 0
0 00O
B =V2(a—-p3)""! ;
1 (o= B) 1190
-1 1 2 0
we see that rank(B) =1,
0 0 0
0 0 0
[A1, B1] = V2
1 -1 0 0
1 -1 0 0

Notice that
U([AlaBl]) = {_2707072}7
o(Re([A1,B1]) = {-(V2+1),-(vV2-1),vV2 - 1,V2+ 1}
and
o(Im([Al,Bl])) = {—1, —1, 1, 1}.

If W([A1, Bi]) is an eliptic disc centered at 0, then the ellipse has the foci {—2,2} and the
length of major and minor axes equal to 2(v/2 4+ 1) and 2 respectively. Notice also that for
any ellipotic disc, the sum of the square of the length of minor axis and the square of the

distance between the foci is equal to the square of the length of major axis. As

224 (2-(-2)2=20<4(3+2V2) = (2(vV2+1))%,
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we see that W ([A1, B1]) cannot be an elliptic disc centered at 0. Since 0 € W ([A;, B1]), we
have W ([A, B]) = W ([A1, B1]). So the numerical range of [A, B] cannot be an elliptic disc
with center 0 and A does not satisfy (3). O

Next, we consider A, B € B(H) such that W([A,C]) = W([B, C]) for all C € B(H).

Proposition 2.4. Let H be a complex Hilbert space with dim H > 2 and A,B € B(H).
Then the following statements are equivalent.

(1) o([A,z @ z]) = o([B,x ® x]) for every unit vector x € H.

(2) W([A,z @ z]) = W([B,z ®x]) for any unit vector x € H.

(3) A+ B or A— B is a scalar operator.

Proof. (3)=(1) is obvious as o([4,z ® z]) = —0([A,2 @ z]). Let us check (1)=(3).

(1) implies that o([A4, 2 ® 7)) = o([B,z ® z]?) and thus Tr([A, z ® z]?) = Tr([B, z ® z]?),
that is,

(Az,2)* — (A%z,x) = (Bx,x)?> — (B?x, x) (2.3)

holds for each unit vector x. Let y, z be two orthogonal unit vectors and let x = @(e%y +2)

for £ € [—m, m]. Substituting = in Eq.(2.3) gives

(A(ey + 2), (e%y + 2))* — 2(A%(e"y + 2), (e*y + 2))

= (B(e®y + 2), (ey + 2))2 — 2(B2(ey + 2), (e¥y + 2)). (24)

Comparing the coefficients of €% in the expansions of Fourier series on both sides of Eq.(2.4)
shows that

(Ay,2)? = (By, 2)? holds for all orthogonal unit vectors ¥, z € H. (2.5)
Thus, for any orthogonal vectors z, f € H,
(Az,f) =0 & (B, f) = 0.

So, for any z € H and f € [Az,z]*, we have (Bx, f) = 0. This entails that Bz € [Az, 2], the
subspace spanned by Az and x. Thus, for any x € H, there exist a,, 8, € C such that Bxr =
Az + Byz. By Eq.(2.5), we have (Ax, f)? = (. Az, f)? = a2(Az, f)? holds for all f € [z]*+,
which implies that o, = £1. It follows from |G.|||z| < ||Bz|| + ||azAz|| < (||B|| + ||A]])]|z|]
that |8z < ||B|| + ||A]|. Therefore, B is a regular local linear combination of A and /. Then,
by [15], B is a linear combination of A and I. So B = aA + I with o € {—1,1} and g € C.
Thus, condition (3) holds.

Next, we turn to the equivalence of (2) and (3).

Assume that dim H = 2; then W ([A,z ® z]) = W([B,z ® z]) is an elliptic disc centered at
0 and hence have the same foci. It follows from Lemma 2.1 that o([A, 2 ® z]) = o([B, 2z ® z])
for all z € H. By (1)<(3) just proved above, (2) and (3) are equivalent.

Now assume that dim H > 3. The implication (3)=(2) follows from Propositions 2.2 or
2.3. We consider (2)=-(3). By Proposition 2.3, for any unit vector z, W([A,z ® z]) is an
elliptic disc centered at the origin. Let —a, a be the foci of this elliptic disc; then, by Lemma
2.1, 0([A,z®x]) = {0, —a, a}. So, (2) implies that o([A,x @ z]) = o([B,x @ z]) holds for any
unit vector « € H. By the implication (1)=-(3) established above, we see that (3) holds. [
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Corollary 2.5. Let H be a complex Hilbert space with dimH > 3, A,B € B(H) and
A& CP(H)+ CI. Then the following conditions are equivalent.

(1) W([A,C]) = W([B,C]) for any C € B(H).

(2) W([A,C]) = W([B,C]) for any C € B(H) with rank C < 2.

(3) A — B is scalar operator.

Proof. Obviously, (3)=(1)=(2).

(2)=(3). By Proposition 2.4, we have B = oA + (I for some o € {—1,1} and § € C. As
A & CP + CI, Proposition 2.2 ensures that B = A + (1, as desired. O

3. PROOFS OF THEOREM 1.1

The implications (3)=-(1) and (3)=-(2) are true by Proposition 2.2. Let us prove (1)=(3).
(2)=(3) can be proved similarly by notice that W (A) = W (A) if A is of finite rank.

Assume that ® : B(H) — B(K) is a map preserving the numerical range of Lie product of
operators, of which the range contains all operators of rank < 1.

We complete the proof by considering two different cases: dim H > 3 and dim H = 2.

Proof of the case when dim H > 3.

In this case, we must have dim K > 3. If not, W ([®(A), ®(B)]) is an elliptic disc for every
pair A, B € B(H). But then, if {e1,e2,e3} € H is an orthonormal set, A = e; ® e2 + iea ® e3
and B = e2 ® e1 + e3 ® ez, W([®(A), ®(B)]) = W([A, B]) is a triangle (including interior)
with vertexes 1,7 — 1, —i, which is a contradiction.

Claim 1. ®(CI) C CI and if A € B(H) satisfies (A) = A\l € B(K), then A € CI.

As W([®(A]),®(A)]) = W([M\, A]) = {0} holds for any A € B(H) and the range of ®
contains all operators of rank < 1, we must have ®(AI) € CI. If AT lies in the range of @,
then there is some A such that ®(A) = Al and hence W([A, B]) = W([\, ®(B)]) = {0} for
every B € B(H). It follows that A € CI.

Claim 2. ®(P;(H)+CI) C CP;(K)+CI and, if T' € B(K) is a rank one projection, then
there exist a rank one projection A and a scalar A such that ®(A+ ) =T.

If A € Pi(H)+ClI, then by Proposition 2.3, for any B € B(H), W ([A, B]) is an elliptic disc
centered at 0. Thus W ([®(A), ®(B)]) is an elliptic disc centered at 0, too. Since the range of ®
contains all operators of rank one, by Proposition 2.3 again, we see that ®(A) € CP;(K)+CI.

If T € Pi(K), then T € ran(®) and thus 7' = ®(A) for some A € B(H). Applying
Proposition 2.3, one sees that, for any B € B(H), W([A, B]) = W([T,®(B)]) is an elliptic
disc centered at 0. Again Proposition 2.3 ensures that A € CP;(H) + CI.

Claim 3. There exist a unitary operator U € B(H, K), a function p : Pi(H) — C\ {0}
and a function v : P;(H) — C such that either

(i) P(z@z)=plr@x)Uzr @ 2U* +v(x® x)I for every z @ x € Pi1(H); or

(i) ®(z @ ) = p(z @ 2)U(z @ 2)'U* + v(z @ x)I for every x ® z € P1(H), where A! is the
the transpose of A with respect to an arbitrarily fixed orthnormal basis of H. Particularly,
we have dim K = dim H.
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By Claim 2, for any rank-1 projection 2@z on H, ®(z®x) = p(x @)y, Qyz +v(x®x)I for
some unit vector y, € K and scalars u(zx ®z), v(r®@x). It is clear that pu(z ® x) # 0 by Claim
1 and that y, ® y, is uniquely determined as dim K > 3. Let ¥ : P;(H) — P1(K) be the map
defined by ¥(z ® z) = y, ® y, for every x ® x € P1(H). By Claim 2, ¥ is bijective. Also, ¥
preserves commutativity in both directions since ® does. So ¥ preserves orthogonality in both
directions. By a reformulation of Uhlhorn extension of Wigners theorem [27], ¥ is induced
by a unitary or an antiunitary operator, that is, there exists a unitary operator U € B(H, K)
such that either V(z ®z) = Uz @ 2U* for all t @ v € P1(H); or, with respect to an arbitrarily
given orthonormal basis, ¥(x ® x) = U(x ® z)!U* for all x @ x € P1(H) (Also, ref. [22, 25]).
In addition, the existence of the unitary operator U : H — K ensures that H and K have the
same dimension. Now, Claim 3 follows.

Claim 4. There exist a sign function ¢ : B(H) — {—1,1} and a functional h : B(H) — C
such that either

(1°) ®(A) = e(A)UAU* + h(A)I for all A € B(H); or

(2°) ®(A) = ie(A)UAU* + h(A)I for all A € B(H).

Recall that ® has the form (i) or the form (ii) in Claim 3. Without loss of generality we
may assume in the sequel that U = I.

We first assume that ® takes the form (i) in Claim 3. Thus ®(z ®@ ) = p(z @ x)z @ © +

v(z ® z)I for every unit vector z. For any unit vectors z,y € H, as
pe@z)uy@y)W(rez,y@yl) = W(lz®z,y@y)),

we get u(x ® x)u(y ® y) = £1 by Proposition 2.2. This entails that pu(z ® x) € {1, —1}. Let
n: B(H) — {—1,1} be the map defined by n(z ® ) = p(x ® z) and n(A) = 1 otherwise,
and let &1 = n®. By Proposition 2.2, ®; still preserves the numerical range of Lie product of
operators, and

Piz@r)=c@r+h(z®x)]

for every x ® x € Py, where hi(z @ ) = n(z ® x)v(z ® x). Thus, for any A € B(H), we have
W([®1(A), 2 @ z]) = W([A,x @ x])
for all x ® x € P;. Therefore, by Proposition 2.4,
D1(A) =e1(A)A+ hi(A)I

for some €1(A) € {—1,1} and hy(A) € C. It follows that, there exist maps ¢ : B(H) — {—1,1}
and h : B(H) — C such that ®(A) = e(A)A + h(A)I for all A, that is, (1°) holds.

Suppose that ® has the form (ii) in Claim 3. Then ®(z®z) = pu(r@z)(r@z) + v(z @ x)I
for every unit vector z. Let @5 be defined by ®9(A) = i®(A)! for each A. Then for any
A, B e B(H),

W([®@2(A), @2(B)]) = W([i®(A)",i®(B)"])
= —W([2(4)", ®(B)]) = W([®(A4), 2(B)]")
= W([®(A),2(B)]) = W([4, B]).
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Also note that ®3(z®z) = p(z®@z)r@r+v(x®x)I for some scalars p(z®@z), v(x®x). So o has
the form (i) in Claim 3. By what just proved above, ®; has the form ®3(A) = —(A)A+h1(A)I
for all A. It follows that

P(A) = —idy(A)' =ic(A)A" + h(A)I

holds for all A € B(H), that is, ® takes the form (2°) in Claim 4.

Claim 5. ¢ is a constant function when restricted on the set B(H) \ (CP + CI).

We have to show that if A, B are not combinations of some projection and I, then e(A) =
e(B).

Note that, by Claim 4, we always have

e(A)e(B)W([A, B]) = W([A, B)). (3.1)

We first assert that, if A = 2® f, B = y®u are rank-1 nilpotent operators such that (y, z) =
0 and (y, f) # 0, then £(A) = &(B). In fact, [A, Bl = [z @ fiy®@a] = (y, flz @z — |2’y ® f
which has a matrix representation of the form

—a 0 0
[A, B] = 0 o 0 |0=Xa&0
0 B8 0

with nonzero scalars «, 5. It is clear that W ([A, B]) = W(X) and W (X) is either an elliptic
disc with foci {0, a}, or a “cone-like” figure which is the convex hull of {—a} and the ellipse E
with foci {0, a}. Hence W ([A, B]) # —W ([A, B]). By Eq.(3.1), this entails that ¢(A)e(B) = 1,
that is, e(A) = e(B), the assertion is true.

If x® f and x ® v are rank-1 nilpotent and if u L f, then, the assertion above ensures that

ez f)= e(f+tu)@zr)=clzu) =c(u® (x+f))
= e(fou) =e((z+u)@f) =c(f @)
So we have
cz@f)=clzu) =c(fo) (3.2)

whenever {z, f,u} is orthogonal.

Next we show that,

e(z® f) =e(xr ®u) for any nonzero vectors f,u € [z]*. (3.3)
If u L f, use Eq.(3.2). If u = Af for some nonzero scalar \, taking v € [z, f]* gives
exz® f)=c(z®@v) =¢c(z@u).

If w is linearly independent to f and u f f, then there exists a unit vector v such that

v € [z, f]* and v = af + Bv with nonzero scalars «, 3, which gives, by Eq.(3.2),
elr@u)=c(fer)=c(zef),

finishing the proof of Eq.(3.3).
Thirdly, we claim that e(A) = £(B) holds for any rank-1 nilpotent operators A, B.
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In fact, for any two rank-1 nilpotent operators A = z® f and B = y® g, taking unit vector
u € [z,y]*, one gets by Eq.(3.3) that

ez®f)=clz@u)=cly®u)=c(y®yg),

as desired.
Now, we prove that, for any two operators A, B € F; \ (CP + CI), we have ¢(A4) = ¢(B).
Since every rank-1 operator is quadratic, by the proof of Proposition 2.2 (see the argument
in Case 1), one sees that, for any A, B € F;\ (CP+CI), there exist rank-1 nilpotent operators
T ® f,y® g so that W([A,z @ f]) # -W([A,z® [f]) and W([B,y ® g]) # —W([B,y ® g]).
Therefore, by Eq.(3.1) and the fact proved above, we obtain that

e(A) =e(z @ f) =e(y @ 9) = &(B).

Finally, for any A, B € B(H) \ (CP + CI), by Proposition 2.2, there exist rank-1 operators
E,F € F;\ (CP+CI) such that W([A, E]) # —W([A, E]) and W([B, F]) # —W([B, F]). As
e(E) = e(F') which is proved just above, we get again

this completes the proof of Claim 5.
The proof of Theorem 1.1 completes when dim H > 3. U

Proof of the case when dim H = 2.

Clearly, (1) < (2).

Assume (3) holds. For simplicity, assume that U = Ip. If ® has the form in (3) and if
C = [A, B], then [®(A),®(B)] € {£C,+C"'}. Since W(C) is an elliptic disk centered at the
origin, we see that W (+C) = W (£C"). Thus, W([A, B]) = W([®(A), ®(B)]). So (1) is true.

Now, suppose (1) holds. First we show that dim H = dim K. If not, then dim K > 3.
By Proposition 2.2, we may take rank-1 operators By, By € B(K) such that W ([By, B2]) #
—W([B1, Bz]). Since the range of ® contains all rank-1 operators, there exist Ay, Ay € B(H)
such that (®(A;), ®(A2)) = (B1, B2). Note that W([A1, A2]) is an elliptic disk centered at 0.
So we have W ([By, Ba]) = W([A1, A2]) = =W ([A1, A2]) = =W ([B1, Ba]), which is impossible.
So dim K = dim H = 2 and we can assume that B(H) = B(K) = M(C).

We show that ® has the asserted form. We may modify the functional h(A) in the map ®
so that ®(A) has trace 0 for all A € My(C). Then we can focus on the set MY of trace zero
matrices in Ms(C).

Consider the matrices

1 {0 1 1 (0 —i 1 {1 0
X_ﬂ<1 o)’ Y_ﬁ<i 0)’ Z_ﬁ<o —1)'

Then the following holds:
(1) {X,Y, Z} is an orthonormal basis for MY using the inner product (A, B) = tr AB*.
(2) XY = %Z =-YX, YZ= ﬁX = —.ZY, ZX = ﬁY =-XZ.

3) W(X,Y]) = W([Y, Z]) = W([Z, X]) = i[-1,1].
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(4) f A=a1 X + a2Y 4+ a3Z and B = b X 4+ baY +b3Z in MS, then

[A, B] = V2i(c1 X + oY + 32),
where
c1 = agby —asgby, c2 = —(a1bs —asb1), c3 = aiby — azbr.
In other words, (c1,¢2,c3)! = (a1, as,a3)t x (b1, b2, b3)t, the cross product in C3.

(5) Every unitary similarity map a1 X + a2y +a3Z = A — UAU* = b1 X + boY + b3Z
on MY corresponds to a real special orthogonal transformation 7' € M3(C) such that
T(a1,a2,a3)" = (b1, bz, b3)".

Claim. There exist a unitary U € M(C) and € € {1, —1} such that either

(a) P(A) =cUAU* forall A € {X,Y,Z}; or (b)®(A)=icUAU*forall A € {X,Y, Z}.
Proof. Assume that the image of X, Y, Z under & are respectively
Xi=anX+anY +a31Z, Yi=a1X+anY +anZ, Z=a3X +asY +az”Z.

Let T' = (apq) € M3(C). We will show that either T is a real orthogonal matrix or 7" is a real
orthogonal matrix. In the former case, ® will satisfy (a); in the latter case, ® will satisfy (b).
Note that the hypothesis and conclusion will not be affected by changing T to PTQ for
any real orthogonal matrices P,Q € M3(C). It just corresponds to changing ® to a map of
the form
A SPUP@(EQUQAU(E)U;
for some unitary Up,Ug € M3(C) and ep,eq € {1,—1} depending on P and Q.

We use the above fact to simplify the structure of T as follows. Suppose T" = 17 + i15
where 17,75 are real matrices. By the singular value decomposition of real matrices, let P, Q
be real orthogonal such that PT5Q) = diag(si, s, s3) with s; > s9 > s3 > 0. Now, replace T’
by PTQ so that T' = T; + iT5 with Th = diag(s1, 2, s3). We will show that either

(a') To = 0 and T} is real orthogonal; or (b') 71 = 0 and T is real orthogonal.

Then conclusions (a) and (b) will follow respectively.
To achieve our goal, let B = (byy) = ((—1)PT2det(T(p, q))), where T'(p, q) is obtained from
T = (apq) by deleting its pth row and gth column. Then

(Y1, Z1] = V2i(b11 X + by Y + b312),

(Z1, X1] = V2i(b12X + bV + b32Z),

[X1,Y1] = V2i(b13X + bagY + b33 Z).
Because W ([X1,Y1]) = W([X,Y]) = i[-1, 1], we see that By = [Y1, Z1] is skew-Hermitian with
eigenvalues i, —i. Thus, ibs; € i[—1,1], by1 —iby = m If b1y = z1+iy1, b1 = zo+iye
with x1, 2, y1,y2 € R, the above equality implies that y; = y2 = 0, i.e., b11, b21 € R. Moreover,
1 = det(B;) implies that |by1]? +|b12|> + |b13|? = 1. The same arguments apply to By and Bs.

Hence,
B = (bpq)
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is a real matrix such that every column has length 1.

Recall that T'= T + T, with T, = diag(si, 2, s3). Let A1, Ao, A3 be the three columns of
T. We consider 2 cases.

Case 1. If sy = 0, then T is real. We may further replace T' by PT'Q for suitable real
orthogonal matrices P and @ such that 7' = diag(di, d2,ds) with d; > dy > d3 > 0. The
resulting matrix still has columns such that the cross product of any two of them is a unit
vector in R3. Thus, di = dy = dg = 1.

Case 2. Suppose s1 > 0. Then ags = agg = 0 because A7 x Ay and A; x Az are real
vectors. If s = s3 = 0, then we also have ags,a33 = 0 so that 0 = Ay x A3 = By, which is
impossible. If so > 0, then a3z = a13 = 0 because A; x As and Ay x Agz are real vectors. Let
app = rie’ ¢ R. Then a3z = rae it ¢ R because A; x Ajs is a real vector and ass is the only
nonzero entry in As. As a result, ajo = 0 because As X Ag is real. Now, ago is the only nonzero
entry in As and Aj x Ay is a real vector. So, ass = roe” . Now, the fact Ay x Az is real implies
a92,as33 € iR. Thus, age = isy and azs = is3. It then follows that ai; is the only nonzero
entry in A; and a1 = is;. Hence, T = idiag(si, s2,53). Since A1 x Ag, Ay x Az, A1 x Ag are

unit vectors, we see that s = so = s3 = 1. The proof of Claim is finished.

Now, suppose condition (a) in the Claim holds. We will prove that ® has the first form in
Theorem 1.1. We may change ® by a map of the form

A— eUAU"
for some suitable unitary U € M5(C) and ¢ € {1,—1}, and assume that ® fixes X,Y, Z.

b
Suppose A = v/2E;2 and ®(A) = (a ) Then
c —a

[xﬂ=<j?) @uw%m=6¥b;i>
[KA%=<Bi3),[@Y%¢Mﬂzi<::3_?ig,

[ZM=C§®,[mm@wn=@L?>

Because W ([C, A]) = W([®(C), ®(A)]) for all C € {X,Y, Z}, we see that
B(A) € [A,—A, A, — A1,

If ®(A) = —A, we may change the set S and assume also that ®(A) = A. If ®(A) = A!, we
can replace ® by the map C' — DCD! with D = Ej3 + FE2;. Then ®(A) = A, (X) = X,
O(Y) =-Y and &(Z) = Z. Again, we can adjust the set S and assume that ® fixes A, X, Y, Z.
We can do similar adjustment and assume that ® fixes 4, X, Y, Z if ®(4) = —AL.

Now, consider B = v/2E»;. By the fact that W ([C, B]) = W ([®(C), ®(B)]) = W([C, ®(B)])
for C € {A,X,Y,Z}, we see that ®(B) € {—B, B}. We can adjust the set S if necessary and
assume that ®(B) = B. Now, by the fact that ®(C') = C' and W([C, R]) = W([®(C), ®(R)]) =
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W([C,®(R)]) forall C € {A, B, X,Y, Z}, we conclude that ®(R) € {—R, R} for every R € MJ.
Thus (a) holds implies that ® has the first form in (3) of Theorem 1.1.
If (b) holds, we can use a similar argument to show that ® has the second form in (3) of
Theorem 1.1. (]
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