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Abstract. Denote by W (A) the numerical range of a bounded linear operator A, and

[A, B] = AB −BA the Lie product of two operators A and B. Let H, K be complex Hilbert

spaces of dimension ≥ 2 and Φ : B(H) → B(K) be a map whose range contains all operators of

rank ≤ 1. It is shown that Φ satisfies that W ([Φ(A), Φ(B)]) = W ([A, B]) for any A, B ∈ B(H)

if and only if dim H = dim K, there exist ε ∈ {1,−1}, a functional h : B(H) → C, a unitary

operator U ∈ B(H, K), and a set S of operators in B(H), that consists of operators of the

form aP + bI for an orthogonal projection P on H if the dimension of H is at least 3, such

that

Φ(A) =





εUAU∗ + h(A)I if A ∈ B(H) \ S,

−εUAU∗ + h(A)I if A ∈ S,

or

Φ(A) =





iεUAtU∗ + h(A)I if A ∈ B(H) \ S,

−iεUAtU∗ + h(A)I if A ∈ S,

where At is the transpose of A with respect to an orthonormal basis of H. The proof of

this result depends on the classifications of operators A or operator pairs A, B with some

symmetric properties of W ([A, B]) that are of independent interest.

1. Introduction

Let A be a bounded linear operator acting on a complex Hilbert space H. The numerical
range of A is the set W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1}, and the numerical radius of A is
w(A) = sup{|λ| : λ ∈ W (A)}. The numerical range and numerical radius are useful tools in
studying matrices and operators, and have applications in many different areas; for example,
see [10, 11, 13].

There has been considerable interest in studying maps on operators leaving invariant the
numerical range or the numerical radius of different kinds of product A ◦ B of operators A

and B. Such maps are called numerical range preservers and numerical radius preservers,
respectively. Very often, such maps have the form

A 7→ ξUAU∗ or A 7→ ξUAtU∗, (1.1)

for some complex unit ξ and unitary U .
Early results related to the study can be found in [19]. Here we describe some recent

development. In [16], surjective maps Φ on the algebra B(H) of all bounded linear operators
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acting on H satisfying, respectively, W (Φ(A)Φ(B)) = W (AB) and W (Φ(B)Φ(A)Φ(B)) =
W (BAB) were characterized. In [8], a characterization was obtained of the numerical range
preserver for Jordan product A ◦ B = AB + BA of operators. In [1], the authors gave a
characterization of maps on matrix algebras which preserve the numerical radius of the usual
product A ◦ B = AB of matrices, and in [4], a characterization was obtained for maps on
standard operator algebras A on a Hilbert space H (including B(H)) which preserve the
numerical radius of operator products. Maps preserving the numerical radius of Jordan semi-
triple products A ◦ B = ABA of matrices were characterized in [6]. The same problem
on Bs(H), the real Jordan algebra of all self-adjoint operators in B(H), was solved in [12].
Moreover, the problem for the case of indefinite skew products of operators was obtained in
[14]. In [21] the authors characterized maps preserving the numerical range of generalized
products of operators between standard operator algebras on Hilbert space H. The maps on
self-adjoint operators preserving the numerical range of ξ-Lie product of operators [A,B]ξ =
AB − ξBA were characterized in [7] when ξ 6= 1. In [5], maps preserving the numerical range
of skew Lie products of operators A ◦B = AB −BA∗ on B(H) and additive maps preserving
the numerical radius of skew Lie products on factor von Neumann algebras are characterized.
In [20], the authors obtained a characterization of maps preserving the norm of Lie products of
matrices on n×n matrix algebra Mn(C) with n ≥ 3, where the norm is any unitary invariant
norm. In particular, their result implies the following.

Theorem LPS. Let n ≥ 3 and φ : Mn(C) → Mn(C) be a surjective map. Then

w([φ(A), φ(B)]) = w([A,B]) for all A,B ∈ Mn(C)

if and only if there exists a unitary matrix U ∈ Mn(C) such that

φ(A) = µAUA†U∗ + νAI for all A ∈ Mn(C),

where µA, νA ∈ C depend on A with |µA| = 1, A† = A, Ā,At or A∗.
Their proof in [20] based on a result (Theorem PS below) in [24] on commutativity pre-

serving maps on matrices. Denote by Cn the subset of all n×n complex matrices A ∈ Mn(C)
with the property that all Jordan cells in the Jordan canonical form of A are of the size 1× 1
or 2 × 2. A map θ : Mn(C) → Mn(C) is called a regular locally polynomial map if for any
A there exists a polynomial pA such that θ(A) = pA(A) and {pA(A)}′ = {A}′, where {A}′
stands for the commutant of A.

Theorem PS. Let n ≥ 3 and let φ : Mn(C) → Mn(C) be a bijective map preserving commu-
tativity in both directions. Then there exist an invertible matrix T ∈ Mn(C), an automorphism
τ of C and a regular locally polynomial map A 7→ pA(A) such that either φ(A) = TpA(A)T−1

for all A ∈ Cn or φ(A) = TpA(At
τ )T

−1 for all A ∈ Cn.
In this paper, we will characterize maps between algebras of operators on complex Hilbert

spaces of dimensions ≥ 2 that preserve the numerical range (or the closure of the numerical
range) of Lie product. Note that, in [8, 16, 21], to characterize the maps that preserve
the numerical range of AB or AB + BA or the generalized product of operators, one gets
information about the maps by taking the trace of the products whenever the products are
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of finite rank. However, for Lie product, this technique does not work anymore because
Tr([A,B]) = 0 whenever [A,B] is of finite rank.

Denote by W (A) the closure of the numerical range of A. The following is our main result.
Theorem 1.1. Let H, K be complex Hilbert spaces of dimension ≥ 2 and Φ : B(H) → B(K)

be a map of which the range contains all operators of rank ≤ 1. Then the following statements
are equivalent.

(1) Φ satisfies that W ([Φ(A),Φ(B)]) = W ([A,B]) for any A,B ∈ B(H).
(2) Φ satisfies that W ([Φ(A),Φ(B)]) = W ([A,B]) for any A,B ∈ B(H).
(3) dim H = dim K, and there exist ε ∈ {1,−1}, a functional h : B(H) → C, a unitary

operator U ∈ B(H, K), and a set S of operators in B(H), which consists of operators of the
form aP + bI for an orthogonal projection P on H if dimH ≥ 3, such that either

Φ(A) =





εUAU∗ + h(A)I if A ∈ B(H) \ S,

−εUAU∗ + h(A)I if A ∈ S,

or

Φ(A) =





iεUAtU∗ + h(A)I if A ∈ B(H) \ S,

−iεUAtU∗ + h(A)I if A ∈ S,

where At is the transpose of A with respect to an orthonormal basis of H.
At a first glance, for dimH ≥ 3, one may think that the finite dimensional case of Theorem

1.1 is an easy consequence of Theorem LPS above. However, much effort is needed to deter-
mine the structure of the functional A 7→ µA to arrive at the conclusion on ε in our theorem.
When dimH = 2, the choice of the set S is less restrictive and our proof requires a different
treatment. Furthermore, it is worth pointing out that a difficulty in proving Theorem 1.1
comes from the lack of a corresponding result as Theorem PS in the infinite dimensional case.
Therefore, alternative approach is needed.

Note also that the assumption “the range of Φ contains all operators of rank ≤ 1” in
Theorem 1.1 cannot be removed simply. For example, if H is infinite dimensional, we can
identify H with H ⊕ H and define a map Φ : B(H) → B(H ⊕ H) by Φ(A) = A ⊕ A for all
A ∈ B(H). Then Φ preserves the numerical range of Lie products as W (A) = W (A⊕ A) for
all A. However, Φ is not of the form in Theorem 1.1. It would be interesting to see the above
assumption can be removed in the finite dimensional case and the structure of Φ still can be
characterized.

If we assume that the map Φ is continuous (under any operator topology such as the norm
topology, strong operator topology and weak operator topology), then we get the following.

Corollary 1.2. Let H, K be complex Hilbert spaces of dimension ≥ 2 and Φ : B(H) →
B(K) be a continuous map of the range containing all operators of rank ≤ 1. Then the
following statements are equivalent.

(1) Φ satisfies that W ([Φ(A),Φ(B)]) = W ([A,B]) for any A,B ∈ B(H).
(2) Φ satisfies that W ([Φ(A),Φ(B)]) = W ([A,B]) for any A,B ∈ B(H).
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(3) There exist a unitary operator U ∈ B(H, K), a scalar ε ∈ {−1, 1} and a continuous
functional h : B(H) → C such that either

Φ(A) = εUAU∗ + h(A)I for all A ∈ B(H);

or

Φ(A) = iεUAtU∗ + h(A)I for all A ∈ B(H).

The proof of the main theorem depends on the classifications of operators A or operator
pairs A,B with some symmetric properties of W ([A,B]) that are of independent interest.
These results will be presented in Section 2. The proof of the main theorem will be given in
Section 3.

2. Operators with symmetry on the numerical range of their Lie products

In this section, we obtain classifications of operators or operator pairs with symmetry on
the numerical range of their Lie products. The results are useful in the proof of the main
theorem and are of independent interest. We begin with the following lemma; see [2, 3, 9, 28].

Lemma 2.1. For any complex matrix M ∈ Mn(C), if the boundary of its numerical range
∂W (M) contains an elliptic arc of length > 0, then the elliptic disc is contained in W (M)
and the two foci of the ellipse are eigenvalues of M . Particularly, if W (M) is an elliptic
disc, then its foci are eigenvalues of M ; if W (M) is a circular disc centered at 0, then 0 is
an eigenvalue of M of multiplicity ≥ 2 with its geometric multiplicity strictly less than its
algebraic multiplicity.

Denote by P = P(H) the set of all operators of projections P in B(H) and P1 = P1(H) be
the set of all rank-1 projections in P(H). Let Fk(H) be the set of all bounded linear operators
of rank ≤ k. The following proposition gives a characterization of projections perturbed by a
scalar, that is, the quadratic normal operators, in terms of the numerical range of Lie product.
Note that, if dimH = 2, for every pair of operators T, S ∈ B(H), W ([T, S]) is an elliptic disc
centered at 0 (may be degenerate) and thus we always have W ([T, S]) = −W ([T, S]). So the
following proposition does not hold for the case dimH = 2.

Proposition 2.2. Let H be a complex Hilbert space with dimH ≥ 3 and A ∈ B(H). Then
the following conditions are equivalent.

(1) A ∈ CP(H) + CI, i.e., A = αP + βI for some α, β ∈ C and P ∗ = P = P 2 ∈ B(H).
(2) For any B ∈ B(H), W ([A,B]) = −W ([A,B]).
(3) For any B ∈ F1(H), W ([A,B]) = −W ([A,B]).
Proof. (1)⇒(2).
Let A ∈ CP(H) + CI. As the case A = αI is obvious, we may assume that, there exists a

space decomposition H = H1⊕H2 such that A =

(
αIH1 0

0 βIH2

)
with dimHi > 0, i = 1, 2,

and α 6= β. For any B =

(
B11 B12

B21 B22

)
∈ B(H1 ⊕H2), [A,B] = (α − β)

(
0 B12

−B21 0

)
.
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NUMERICAL RANGE OF LIE PRODUCT OF OPERATORS 5

Let U =

(
IH1 0
0 −IH2

)
; then U is unitary and U [A,B]U∗ = −[A,B]. So, we always have

W ([A,B]) = −W ([A,B]), that is, (2) is true.
(2)⇒(3) is obvious.
(3)⇒(1). We consider two cases.
Case 1. A is quadratic, that is, there exist scalars α, β such that

(A− αI)(A− βI) = 0.

If A = αI or A = βI, (1) holds. So, in the sequel we assume that A 6∈ CI.
If A is not normal, that is, not a combination of some projection and the identity I, then

there exists a space decomposition H = H1 ⊕H2 ⊕H3 ⊕H4 with dimH1 = dim H2 6= 0 such
that

A =

(
αIH1 D

0 βIH2

)
⊕ αIH3 ⊕ βIH4 ,

where D ∈ B(H2,H1) is injective and has dense range; see [26]. Under unitary similarity we
may assume that H1 = H2 = H0 and D > 0, that is, 〈Dx, x〉 > 0 for all nonzero x ∈ H0. If
D has an eigenvalue d11 with unit eigenvector x, take d21 = 0; if D has no eigenvalue, for any
ε > 0, take a unit vector x = xε so that ‖D‖ <

√
〈Dx, x〉2 + ε2. Take a unit vector y so that

x ⊥ y and Dx = d11x + d21y with d11 > 0 and d21 > 0. Then d2
11 + d2

21 ≤ ‖D‖2 < d2
11 + ε2

and d21 < ε. Thus D can be written as D =




d11 d21 0
d21 d22 D23

0 D∗
23 D33


 and

A =




α 0 0 d11 d21 0
0 α 0 d21 d22 D23

0 0 αI 0 D∗
23 D33

0 0 0 β 0 0
0 0 0 0 β 0
0 0 0 0 0 βI




. (2.1)

Let

B =




0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




. (2.2)
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It follows that

X = [A,B] =




d11 0 0 0 0 0
d21 0 0 −d11 −d21 0
0 0 0 0 0 0

β − α 0 0 −d11 −d21 0
0 0 0 0 0 0
0 0 0 0 0 0




.

Thus

X + X∗ = G1 + G2 =




2d11 0 0 β̄ − ᾱ 0 0
0 0 0 −d11 0 0
0 0 0 0 0 0

β − α −d11 0 −2d11 0 0
0 0 0 0 0 0
0 0 0 0 0 0




+ d21




0 1 0 0 0 0
1 0 0 0 −1 0
0 0 0 0 0 0
0 0 0 0 −1 0
0 −1 0 −1 0 0
0 0 0 0 0 0




.

If d21 = 0, X + X∗ = G1 is a rank-3 self-adjoint operator of trace 0 and so W (X + X∗) 6=
−W (X + X∗).

Assume d21 6= 0. Solving the characteristic equation, we have

σ(G1) = {λ1 = 2 3
√

r cos θ, λ2 = 2 3
√

r cos(θ +
2π

3
), λ3 = 2 3

√
r cos(θ +

4π

3
)},

where r =
√

(5d2
11+|α−β|2

3 )3 > 0 and θ = 1
3 arccos(−d3

11
r ). As 0 <

d3
11
r < 1, we have π

6 < θ < π
3 ,

which implies that λ1 > 0, λ2 < 0, λ3 > 0 and λ1+λ2+λ3 = 0. So W (G1) = [λ2,max{λ1, λ3}]
is not symmetric to 0. Furthermore,

|λ2| > max{λ1, λ3} ≥ λ1 > 2 3
√

r cos
π

3
>

√
5
3
d11. (2.3)

Note that W (G2) = [−1
2(3 +

√
5)d21,

1
2(3 +

√
5)d21]. Since d11 > ‖D‖− ε and 0 ≤ d21 < ε, by

Eq.(2.3), we see that

W (G2) ⊂ [−
√

5
3
d11,

√
5
3
d11] ⊂ W (G1)

for sufficient small ε > 0 and hence, W (X + X∗) 6= −W (X + X∗).
Thus, we have proved that W ([A,B]) 6= −W ([A,B]). As a result, if A is an quadratic

operator, then (3) implies that A is of the form A = αIH1 ⊕ βIH2 , that is, A is a normal
quadratic operator and (1) holds.

Case 2. A is not a quadratic operator. We have to show that A does not satisfy (3).
By Kaplansky’s Theorem [17], there is x ∈ H such that [x,Ax, A2x] =span{x,Ax, A2x}

has dimension 3. Take an orthonormal basis {e1, e2, e3} of [x,Ax, A2x] with e1 ∈ [x] and
e2 ∈ [x,Ax]. Then, with respect to the space decomposition H = [e1]⊕[e2]⊕[e3]⊕{e1, e2, e3}⊥,
A has the matrix representation of the form

A =




a11 a12 a13 A14

a21 a22 a23 A24

0 a32 a33 A34

0 0 A43 A44



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with a21 > 0, and a32 > 0.
If A24 6= 0, then there exists unit vector e4 ∈ {e1, e2, e3}⊥ and positive number a24 such

that A24 = a24e2⊗ e4. With respect to the space decomposition H = [e1]⊕ [e2]⊕ [e3]⊕ [e4]⊕
{e1, . . . , e4}⊥, we have

A =




a11 a12 a13 a14 A15

a21 a22 a23 a24 0
0 a32 a33 a34 A35

0 0 a43 a44 A45

0 0 A53 A54 A55




.

Let

B = e1 ⊗ e2 =




0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




so that

[A,B] =




−a21 a11 − a22 −a23 −a24 0
0 a21 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




.

Then

[A,B] + [A,B]∗ =




−2a21 a11 − a22 −a23 −a24 0
ā11 − ā22 2a21 0 0 0
−ā23 0 0 0 0
−ā24 0 0 0 0

0 0 0 0 0




is of rank three, and hence W ([A,B]) 6= −W ([A,B]).
If A24 = 0, then, taking the same B as above gives

[A,B] + [A,B]∗ =




−2a21 a11 − a22 −a23 0 0
ā11 − ā22 2a21 0 0 0
−ā23 0 0 0 0

0 0 0 0 0
0 0 0 0 0




,

which is of rank three and W ([A,B]) 6= −W ([A,B]) if a23 6= 0.
So we may assume further that a23 = 0 and then A may be written in the form

A =




a11 a12 a13 a14 A15

a21 a22 0 0 0
0 a32 a33 a34 0
0 0 a43 a44 A45

0 0 A53 A54 A55




.
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In this case one picks

B = (e1 + e2)⊗ e2 =




0 1 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0




so that

[A,B] =




−a21 a11 + a12 − a22 0 0 0
−a21 a21 0 0 0

0 a32 0 0 0
0 0 0 0 0
0 0 0 0 0




.

Then

[A,B] + [A,B]∗ =




−2a21 a11 + a12 − a22 − a21 0 0 0
ā11 + ā12 − ā22 − a21 2a21 a32 0 0

0 a32 0 0 0
0 0 0 0 0
0 0 0 0 0




is of rank three as a21 > 0 and a32 > 0, and consequently, we have again W ([A,B]) 6=
−W ([A,B]).

This completes the proof of the implication (3)⇒(1). ¤
The following result gives a characterization of combinations of rank-1 projections and I in

terms of the numerical range of Lie product.
Proposition 2.3. Let H be a complex Hilbert space with dimH ≥ 3 and A ∈ B(H). Then

the following conditions are equivalent.
(1) A ∈ CP1(H) + CI, i.e., A = αx⊗ x + βI for some α, β ∈ C and a unit vector x ∈ H.
(2) For any B ∈ B(H), W ([A,B]) is an elliptic disc centered at 0.
(3) For any B ∈ F1(H), W ([A,B]) is an elliptic disc centered at 0.
Proof. (1)⇒(2). Assume A = αx⊗ x + βI with x ∈ H a unit vector and α, β ∈ C. Then,

for any B ∈ B(H), [A,B] = α(x⊗B∗x−Bx⊗x). It follows that [A,B] can be represented as

[A,B] =




0 a 0
b 0 0
c 0 0


⊕ 0

for some nonnegative numbers a, b, c. Clearly, abc = 0 implies that W ([A,B]) is an ellipse
centered at the origin 0 (including the degeneration case). Assume abc 6= 0.

Let X =




0 a 0
b 0 0
c 0 0


. Clearly

σ(X) = {λ1, λ2, λ3} = {0,−
√

ab,
√

ab},
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d = Tr(X∗X)−
3∑

j=1

|λj |2 = a2 + b2 + c2 − 2ab = (a− b)2 + c2 > 0

and

λ = Tr(X) +
1
d
(

3∑

j=1

|λj |2λj − Tr(X∗X2)) = 0 +
1
d
(0 + 0) = 0,

which coincides with the eigenvalue λ1 = 0 of X. By Theorem 2.3 and 2.4 of Ref [18], W (X)
is an elliptic disc with foci {−

√
ab,
√

ab}, which is centered at 0. So, (2) is true.
(2)⇒(3) is clear.
(3)⇒(1). Applying Proposition 2.2, we see that A = αP + λI for some projection P and

scalars α, λ. Without loss of generality, we may assume that α 6= 0 and P 6= 0, I. Assume,
on the contrary, that A 6∈ CP1 +CI; then dimH ≥ 4 and there exists a space decomposition
H = H1 ⊕H2 ⊕H3 such that

A = A1 ⊕ αIH2 ⊕ βIH3 ,

where α 6= β and

A1 =




α 0 0 0
0 α 0 0
0 0 β 0
0 0 0 β




=

(
αI2 02

02 βI2

)
.

Let B = B1 ⊕ 0⊕ 0 with

B1 =
√

2(α− β)−1




−1 1 2 0
0 0 0 0
−1 1 2 0
−1 1 2 0




;

we see that rank(B) = 1,

[A1, B1] =
√

2




0 0 2 0
0 0 0 0
1 −1 0 0
1 −1 0 0




.

Notice that

σ([A1, B1]) = {−2, 0, 0, 2},
σ(Re([A1, B1])) = {−(

√
2 + 1),−(

√
2− 1),

√
2− 1,

√
2 + 1}

and

σ(Im([A1, B1])) = {−1,−1, 1, 1}.
If W ([A1, B1]) is an eliptic disc centered at 0, then the ellipse has the foci {−2, 2} and the
length of major and minor axes equal to 2(

√
2 + 1) and 2 respectively. Notice also that for

any ellipotic disc, the sum of the square of the length of minor axis and the square of the
distance between the foci is equal to the square of the length of major axis. As

22 + (2− (−2))2 = 20 < 4(3 + 2
√

2) = (2(
√

2 + 1))2,
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we see that W ([A1, B1]) cannot be an elliptic disc centered at 0. Since 0 ∈ W ([A1, B1]), we
have W ([A,B]) = W ([A1, B1]). So the numerical range of [A,B] cannot be an elliptic disc
with center 0 and A does not satisfy (3). ¤

Next, we consider A,B ∈ B(H) such that W ([A,C]) = W ([B,C]) for all C ∈ B(H).
Proposition 2.4. Let H be a complex Hilbert space with dimH ≥ 2 and A,B ∈ B(H).

Then the following statements are equivalent.
(1) σ([A, x⊗ x]) = σ([B, x⊗ x]) for every unit vector x ∈ H.
(2) W ([A, x⊗ x]) = W ([B, x⊗ x]) for any unit vector x ∈ H.
(3) A + B or A−B is a scalar operator.
Proof. (3)⇒(1) is obvious as σ([A, x⊗ x]) = −σ([A, x⊗ x]). Let us check (1)⇒(3).
(1) implies that σ([A, x⊗ x]2) = σ([B, x⊗ x]2) and thus Tr([A, x⊗ x]2) = Tr([B, x⊗ x]2),

that is,

〈Ax, x〉2 − 〈A2x, x〉 = 〈Bx, x〉2 − 〈B2x, x〉 (2.3)

holds for each unit vector x. Let y, z be two orthogonal unit vectors and let x =
√

2
2 (eiξy + z)

for ξ ∈ [−π, π]. Substituting x in Eq.(2.3) gives

〈A(eiξy + z), (eiξy + z)〉2 − 2〈A2(eiξy + z), (eiξy + z)〉
= 〈B(eiξy + z), (eiξy + z)〉2 − 2〈B2(eiξy + z), (eiξy + z)〉. (2.4)

Comparing the coefficients of e2iξ in the expansions of Fourier series on both sides of Eq.(2.4)
shows that

〈Ay, z〉2 = 〈By, z〉2 holds for all orthogonal unit vectors y, z ∈ H. (2.5)

Thus, for any orthogonal vectors x, f ∈ H,

〈Ax, f〉 = 0 ⇔ 〈Bx, f〉 = 0.

So, for any x ∈ H and f ∈ [Ax, x]⊥, we have 〈Bx, f〉 = 0. This entails that Bx ∈ [Ax, x], the
subspace spanned by Ax and x. Thus, for any x ∈ H, there exist αx, βx ∈ C such that Bx =
αxAx+βxx. By Eq.(2.5), we have 〈Ax, f〉2 = 〈αxAx, f〉2 = α2

x〈Ax, f〉2 holds for all f ∈ [x]⊥,
which implies that αx = ±1. It follows from |βx|‖x‖ ≤ ‖Bx‖ + ‖αxAx‖ ≤ (‖B‖ + ‖A‖)‖x‖
that |βx| ≤ ‖B‖+ ‖A‖. Therefore, B is a regular local linear combination of A and I. Then,
by [15], B is a linear combination of A and I. So B = αA + βI with α ∈ {−1, 1} and β ∈ C.
Thus, condition (3) holds.

Next, we turn to the equivalence of (2) and (3).
Assume that dim H = 2; then W ([A, x⊗ x]) = W ([B, x⊗ x]) is an elliptic disc centered at

0 and hence have the same foci. It follows from Lemma 2.1 that σ([A, x⊗ x]) = σ([B, x⊗ x])
for all x ∈ H. By (1)⇔(3) just proved above, (2) and (3) are equivalent.

Now assume that dim H ≥ 3. The implication (3)⇒(2) follows from Propositions 2.2 or
2.3. We consider (2)⇒(3). By Proposition 2.3, for any unit vector x, W ([A, x ⊗ x]) is an
elliptic disc centered at the origin. Let −α, α be the foci of this elliptic disc; then, by Lemma
2.1, σ([A, x⊗x]) = {0,−α, α}. So, (2) implies that σ([A, x⊗x]) = σ([B, x⊗x]) holds for any
unit vector x ∈ H. By the implication (1)⇒(3) established above, we see that (3) holds. ¤
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Corollary 2.5. Let H be a complex Hilbert space with dimH ≥ 3, A,B ∈ B(H) and
A 6∈ CP(H) + CI. Then the following conditions are equivalent.

(1) W ([A,C]) = W ([B,C]) for any C ∈ B(H).
(2) W ([A,C]) = W ([B,C]) for any C ∈ B(H) with rank C ≤ 2.
(3) A−B is scalar operator.
Proof. Obviously, (3)⇒(1)⇒(2).
(2)⇒(3). By Proposition 2.4, we have B = αA + βI for some α ∈ {−1, 1} and β ∈ C. As

A 6∈ CP + CI, Proposition 2.2 ensures that B = A + βI, as desired. ¤

3. Proofs of Theorem 1.1

The implications (3)⇒(1) and (3)⇒(2) are true by Proposition 2.2. Let us prove (1)⇒(3).
(2)⇒(3) can be proved similarly by notice that W (A) = W (A) if A is of finite rank.

Assume that Φ : B(H) → B(K) is a map preserving the numerical range of Lie product of
operators, of which the range contains all operators of rank ≤ 1.

We complete the proof by considering two different cases: dim H ≥ 3 and dimH = 2.

Proof of the case when dimH ≥ 3.
In this case, we must have dim K ≥ 3. If not, W ([Φ(A),Φ(B)]) is an elliptic disc for every

pair A,B ∈ B(H). But then, if {e1, e2, e3} ∈ H is an orthonormal set, A = e1 ⊗ e2 + ie2 ⊗ e3

and B = e2 ⊗ e1 + e3 ⊗ e2, W ([Φ(A),Φ(B)]) = W ([A,B]) is a triangle (including interior)
with vertexes 1, i− 1,−i, which is a contradiction.

Claim 1. Φ(CI) ⊆ CI and if A ∈ B(H) satisfies Φ(A) = λI ∈ B(K), then A ∈ CI.
As W ([Φ(λI),Φ(A)]) = W ([λI, A]) = {0} holds for any A ∈ B(H) and the range of Φ

contains all operators of rank ≤ 1, we must have Φ(λI) ∈ CI. If λI lies in the range of Φ,
then there is some A such that Φ(A) = λI and hence W ([A,B]) = W ([λI, Φ(B)]) = {0} for
every B ∈ B(H). It follows that A ∈ CI.

Claim 2. Φ(P1(H) +CI) ⊆ CP1(K) +CI and, if T ∈ B(K) is a rank one projection, then
there exist a rank one projection A and a scalar λ such that Φ(A + λI) = T .

If A ∈ P1(H)+CI, then by Proposition 2.3, for any B ∈ B(H), W ([A,B]) is an elliptic disc
centered at 0. Thus W ([Φ(A),Φ(B)]) is an elliptic disc centered at 0, too. Since the range of Φ
contains all operators of rank one, by Proposition 2.3 again, we see that Φ(A) ∈ CP1(K)+CI.

If T ∈ P1(K), then T ∈ ran(Φ) and thus T = Φ(A) for some A ∈ B(H). Applying
Proposition 2.3, one sees that, for any B ∈ B(H), W ([A,B]) = W ([T, Φ(B)]) is an elliptic
disc centered at 0. Again Proposition 2.3 ensures that A ∈ CP1(H) + CI.

Claim 3. There exist a unitary operator U ∈ B(H, K), a function µ : P1(H) → C \ {0}
and a function ν : P1(H) → C such that either

(i) Φ(x⊗ x) = µ(x⊗ x)Ux⊗ xU∗ + ν(x⊗ x)I for every x⊗ x ∈ P1(H); or
(ii) Φ(x⊗ x) = µ(x⊗ x)U(x⊗ x)tU∗ + ν(x⊗ x)I for every x⊗ x ∈ P1(H), where At is the

the transpose of A with respect to an arbitrarily fixed orthnormal basis of H. Particularly,
we have dim K = dim H.

cklixx
Highlight
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By Claim 2, for any rank-1 projection x⊗x on H, Φ(x⊗x) = µ(x⊗x)yx⊗yx+ν(x⊗x)I for
some unit vector yx ∈ K and scalars µ(x⊗x), ν(x⊗x). It is clear that µ(x⊗x) 6= 0 by Claim
1 and that yx⊗yx is uniquely determined as dimK ≥ 3. Let Ψ : P1(H) → P1(K) be the map
defined by Ψ(x⊗ x) = yx ⊗ yx for every x⊗ x ∈ P1(H). By Claim 2, Ψ is bijective. Also, Ψ
preserves commutativity in both directions since Φ does. So Ψ preserves orthogonality in both
directions. By a reformulation of Uhlhorn extension of Wigners theorem [27], Ψ is induced
by a unitary or an antiunitary operator, that is, there exists a unitary operator U ∈ B(H, K)
such that either Ψ(x⊗x) = Ux⊗xU∗ for all x⊗x ∈ P1(H); or, with respect to an arbitrarily
given orthonormal basis, Ψ(x⊗ x) = U(x⊗ x)tU∗ for all x⊗ x ∈ P1(H) (Also, ref. [22, 25]).
In addition, the existence of the unitary operator U : H → K ensures that H and K have the
same dimension. Now, Claim 3 follows.

Claim 4. There exist a sign function ε : B(H) → {−1, 1} and a functional h : B(H) → C
such that either

(1◦) Φ(A) = ε(A)UAU∗ + h(A)I for all A ∈ B(H); or
(2◦) Φ(A) = iε(A)UAtU∗ + h(A)I for all A ∈ B(H).
Recall that Φ has the form (i) or the form (ii) in Claim 3. Without loss of generality we

may assume in the sequel that U = I.
We first assume that Φ takes the form (i) in Claim 3. Thus Φ(x ⊗ x) = µ(x ⊗ x)x ⊗ x +

ν(x⊗ x)I for every unit vector x. For any unit vectors x, y ∈ H, as

µ(x⊗ x)µ(y ⊗ y)W ([x⊗ x, y ⊗ y]) = W ([x⊗ x, y ⊗ y]),

we get µ(x⊗ x)µ(y ⊗ y) = ±1 by Proposition 2.2. This entails that µ(x⊗ x) ∈ {1,−1}. Let
η : B(H) → {−1, 1} be the map defined by η(x ⊗ x) = µ(x ⊗ x) and η(A) = 1 otherwise,
and let Φ1 = ηΦ. By Proposition 2.2, Φ1 still preserves the numerical range of Lie product of
operators, and

Φ1(x⊗ x) = x⊗ x + h1(x⊗ x)I

for every x⊗ x ∈ P1, where h1(x⊗ x) = η(x⊗ x)ν(x⊗ x). Thus, for any A ∈ B(H), we have

W ([Φ1(A), x⊗ x]) = W ([A, x⊗ x])

for all x⊗ x ∈ P1. Therefore, by Proposition 2.4,

Φ1(A) = ε1(A)A + h1(A)I

for some ε1(A) ∈ {−1, 1} and h1(A) ∈ C. It follows that, there exist maps ε : B(H) → {−1, 1}
and h : B(H) → C such that Φ(A) = ε(A)A + h(A)I for all A, that is, (1◦) holds.

Suppose that Φ has the form (ii) in Claim 3. Then Φ(x⊗x) = µ(x⊗x)(x⊗x)t + ν(x⊗x)I
for every unit vector x. Let Φ2 be defined by Φ2(A) = iΦ(A)t for each A. Then for any
A,B ∈ B(H),

W ([Φ2(A),Φ2(B)]) = W ([iΦ(A)t, iΦ(B)t])
= −W ([Φ(A)t,Φ(B)t]) = W ([Φ(A),Φ(B)]t)
= W ([Φ(A),Φ(B)]) = W ([A,B]).

cklixx
Highlight
see also
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Also note that Φ2(x⊗x) = µ(x⊗x)x⊗x+ν(x⊗x)I for some scalars µ(x⊗x), ν(x⊗x). So Φ2 has
the form (i) in Claim 3. By what just proved above, Φ2 has the form Φ2(A) = −ε(A)A+h1(A)I
for all A. It follows that

Φ(A) = −iΦ2(A)t = iε(A)At + h(A)I

holds for all A ∈ B(H), that is, Φ takes the form (2◦) in Claim 4.
Claim 5. ε is a constant function when restricted on the set B(H) \ (CP + CI).
We have to show that if A,B are not combinations of some projection and I, then ε(A) =

ε(B).
Note that, by Claim 4, we always have

ε(A)ε(B)W ([A,B]) = W ([A,B]). (3.1)

We first assert that, if A = x⊗f , B = y⊗x are rank-1 nilpotent operators such that 〈y, x〉 =
0 and 〈y, f〉 6= 0, then ε(A) = ε(B). In fact, [A,B] = [x⊗ f, y ⊗ x] = 〈y, f〉x⊗ x− ‖x‖2y ⊗ f

which has a matrix representation of the form

[A,B] =



−α 0 0
0 α 0
0 β 0


⊕ 0 = X ⊕ 0

with nonzero scalars α, β. It is clear that W ([A,B]) = W (X) and W (X) is either an elliptic
disc with foci {0, α}, or a “cone-like” figure which is the convex hull of {−α} and the ellipse E

with foci {0, α}. Hence W ([A,B]) 6= −W ([A,B]). By Eq.(3.1), this entails that ε(A)ε(B) = 1,
that is, ε(A) = ε(B), the assertion is true.

If x⊗ f and x⊗u are rank-1 nilpotent and if u ⊥ f , then, the assertion above ensures that

ε(x⊗ f) = ε((f + u)⊗ x) = ε(x⊗ u) = ε(u⊗ (x + f))
= ε(f ⊗ u) = ε((x + u)⊗ f) = ε(f ⊗ x).

So we have

ε(x⊗ f) = ε(x⊗ u) = ε(f ⊗ x) (3.2)

whenever {x, f, u} is orthogonal.
Next we show that,

ε(x⊗ f) = ε(x⊗ u) for any nonzero vectors f, u ∈ [x]⊥. (3.3)

If u ⊥ f , use Eq.(3.2). If u = λf for some nonzero scalar λ, taking v ∈ [x, f ]⊥ gives

ε(x⊗ f) = ε(x⊗ v) = ε(x⊗ u).

If u is linearly independent to f and u 6⊥ f , then there exists a unit vector v such that
v ∈ [x, f ]⊥ and u = αf + βv with nonzero scalars α, β, which gives, by Eq.(3.2),

ε(x⊗ u) = ε(f ⊗ x) = ε(x⊗ f),

finishing the proof of Eq.(3.3).
Thirdly, we claim that ε(A) = ε(B) holds for any rank-1 nilpotent operators A,B.
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In fact, for any two rank-1 nilpotent operators A = x⊗f and B = y⊗g, taking unit vector
u ∈ [x, y]⊥, one gets by Eq.(3.3) that

ε(x⊗ f) = ε(x⊗ u) = ε(y ⊗ u) = ε(y ⊗ g),

as desired.
Now, we prove that, for any two operators A,B ∈ F1 \ (CP + CI), we have ε(A) = ε(B).
Since every rank-1 operator is quadratic, by the proof of Proposition 2.2 (see the argument

in Case 1), one sees that, for any A,B ∈ F1\(CP+CI), there exist rank-1 nilpotent operators
x ⊗ f, y ⊗ g so that W ([A, x ⊗ f ]) 6= −W ([A, x ⊗ f ]) and W ([B, y ⊗ g]) 6= −W ([B, y ⊗ g]).
Therefore, by Eq.(3.1) and the fact proved above, we obtain that

ε(A) = ε(x⊗ f) = ε(y ⊗ g) = ε(B).

Finally, for any A,B ∈ B(H) \ (CP +CI), by Proposition 2.2, there exist rank-1 operators
E, F ∈ F1 \ (CP +CI) such that W ([A,E]) 6= −W ([A,E]) and W ([B,F ]) 6= −W ([B,F ]). As
ε(E) = ε(F ) which is proved just above, we get again

ε(A) = ε(E) = ε(F ) = ε(B).

this completes the proof of Claim 5.
The proof of Theorem 1.1 completes when dim H ≥ 3. ¤

Proof of the case when dimH = 2.
Clearly, (1) ⇔ (2).
Assume (3) holds. For simplicity, assume that U = I2. If Φ has the form in (3) and if

C = [A,B], then [Φ(A),Φ(B)] ∈ {±C,±Ct}. Since W (C) is an elliptic disk centered at the
origin, we see that W (±C) = W (±Ct). Thus, W ([A,B]) = W ([Φ(A),Φ(B)]). So (1) is true.

Now, suppose (1) holds. First we show that dimH = dim K. If not, then dimK ≥ 3.
By Proposition 2.2, we may take rank-1 operators B1, B2 ∈ B(K) such that W ([B1, B2]) 6=
−W ([B1, B2]). Since the range of Φ contains all rank-1 operators, there exist A1, A2 ∈ B(H)
such that (Φ(A1),Φ(A2)) = (B1, B2). Note that W ([A1, A2]) is an elliptic disk centered at 0.
So we have W ([B1, B2]) = W ([A1, A2]) = −W ([A1, A2]) = −W ([B1, B2]), which is impossible.
So dimK = dim H = 2 and we can assume that B(H) = B(K) = M2(C).

We show that Φ has the asserted form. We may modify the functional h(A) in the map Φ
so that Φ(A) has trace 0 for all A ∈ M2(C). Then we can focus on the set M0

2 of trace zero
matrices in M2(C).

Consider the matrices

X =
1√
2

(
0 1
1 0

)
, Y =

1√
2

(
0 −i

i 0

)
, Z =

1√
2

(
1 0
0 −1

)
.

Then the following holds:

(1) {X, Y, Z} is an orthonormal basis for M0
2 using the inner product 〈A,B〉 = tr AB∗.

(2) XY = i√
2
Z = −Y X, Y Z = i√

2
X = −ZY, ZX = i√

2
Y = −XZ.

(3) W ([X, Y ]) = W ([Y, Z]) = W ([Z, X]) = i[−1, 1].
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(4) If A = a1X + a2Y + a3Z and B = b1X + b2Y + b3Z in M0
2 , then

[A,B] =
√

2i(c1X + c2Y + c3Z),

where

c1 = a2b3 − a3b2, c2 = −(a1b3 − a3b1), c3 = a1b2 − a2b1.

In other words, (c1, c2, c3)t = (a1, a2, a3)t × (b1, b2, b3)t, the cross product in C3.
(5) Every unitary similarity map a1X + a2Y + a3Z = A 7→ UAU∗ = b1X + b2Y + b3Z

on M0
2 corresponds to a real special orthogonal transformation T ∈ M3(C) such that

T (a1, a2, a3)t = (b1, b2, b3)t.

Claim. There exist a unitary U ∈ M2(C) and ε ∈ {1,−1} such that either

(a) Φ(A) = εUAU∗ for all A ∈ {X, Y, Z}; or (b) Φ(A) = iεUAtU∗ for all A ∈ {X, Y, Z}.
Proof. Assume that the image of X, Y, Z under Φ are respectively

X1 = a11X + a21Y + a31Z, Y1 = a12X + a22Y + a32Z, Z1 = a13X + a23Y + a33Z.

Let T = (apq) ∈ M3(C). We will show that either T is a real orthogonal matrix or iT is a real
orthogonal matrix. In the former case, Φ will satisfy (a); in the latter case, Φ will satisfy (b).

Note that the hypothesis and conclusion will not be affected by changing T to PTQ for
any real orthogonal matrices P, Q ∈ M3(C). It just corresponds to changing Φ to a map of
the form

A 7→ εP UP Φ(εQUQAU∗
Q)U∗

P

for some unitary UP , UQ ∈ M2(C) and εP , εQ ∈ {1,−1} depending on P and Q.
We use the above fact to simplify the structure of T as follows. Suppose T = T1 + iT2

where T1, T2 are real matrices. By the singular value decomposition of real matrices, let P, Q

be real orthogonal such that PT2Q = diag(s1, s2, s3) with s1 ≥ s2 ≥ s3 ≥ 0. Now, replace T

by PTQ so that T = T1 + iT2 with T2 = diag(s1, s2, s3). We will show that either

(a′) T2 = 0 and T1 is real orthogonal; or (b′) T1 = 0 and T2 is real orthogonal.

Then conclusions (a) and (b) will follow respectively.
To achieve our goal, let B = (bpq) = ((−1)p+q det(T (p, q))), where T (p, q) is obtained from

T = (apq) by deleting its pth row and qth column. Then

[Y1, Z1] =
√

2i(b11X + b21Y + b31Z),

[Z1, X1] =
√

2i(b12X + b22Y + b32Z),

[X1, Y1] =
√

2i(b13X + b23Y + b33Z).

Because W ([X1, Y1]) = W ([X, Y ]) = i[−1, 1], we see that B1 = [Y1, Z1] is skew-Hermitian with
eigenvalues i,−i. Thus, ib31 ∈ i[−1, 1], b11−ib21 = (b11 + ib21). If b11 = x1+iy1, b12 = x2+iy2

with x1, x2, y1, y2 ∈ R, the above equality implies that y1 = y2 = 0, i.e., b11, b21 ∈ R. Moreover,
1 = det(B1) implies that |b11|2 + |b12|2 + |b13|2 = 1. The same arguments apply to B2 and B3.
Hence,

B = (bpq)



16 JINCHUAN HOU, CHI-KWONG LI, AND XIAOFEI QI

is a real matrix such that every column has length 1.
Recall that T = T1 + iT2 with T2 = diag(s1, s2, s3). Let A1, A2, A3 be the three columns of

T . We consider 2 cases.
Case 1. If s1 = 0, then T is real. We may further replace T by PTQ for suitable real

orthogonal matrices P and Q such that T = diag(d1, d2, d3) with d1 ≥ d2 ≥ d3 ≥ 0. The
resulting matrix still has columns such that the cross product of any two of them is a unit
vector in R3. Thus, d1 = d2 = d3 = 1.

Case 2. Suppose s1 > 0. Then a32 = a23 = 0 because A1 × A2 and A1 × A3 are real
vectors. If s2 = s3 = 0, then we also have a22, a33 = 0 so that 0 = A2 × A3 = B1, which is
impossible. If s2 > 0, then a31 = a13 = 0 because A1 ×A2 and A2 ×A3 are real vectors. Let
a11 = r1e

it /∈ R. Then a33 = r3e
−it /∈ R because A1 × A3 is a real vector and a33 is the only

nonzero entry in A3. As a result, a12 = 0 because A2×A3 is real. Now, a22 is the only nonzero
entry in A2 and A1×A2 is a real vector. So, a22 = r2e

−it. Now, the fact A2×A3 is real implies
a22, a33 ∈ iR. Thus, a22 = is2 and a33 = is3. It then follows that a11 is the only nonzero
entry in A1 and a11 = is1. Hence, T = idiag(s1, s2, s3). Since A1 × A2, A2 × A3, A1 ×A3 are
unit vectors, we see that s1 = s2 = s3 = 1. The proof of Claim is finished.

Now, suppose condition (a) in the Claim holds. We will prove that Φ has the first form in
Theorem 1.1. We may change Φ by a map of the form

A 7→ εUAU∗

for some suitable unitary U ∈ M2(C) and ε ∈ {1,−1}, and assume that Φ fixes X, Y, Z.

Suppose A =
√

2E12 and Φ(A) =

(
a b

c −a

)
. Then

[X, A] =

(
−1 0
0 1

)
, [Φ(X),Φ(A)] =

(
c− b −2a

2a b− c

)
,

[Y, A] =

(
−i 0
0 i

)
, [Φ(Y ),Φ(A)] = i

(
b + c 2a

2a −b− c

)
,

[Z, A] =

(
0 2
0 0

)
, [Φ(Z),Φ(A)] =

(
0 2b

2c 0

)
.

Because W ([C,A]) = W ([Φ(C),Φ(A)]) for all C ∈ {X, Y, Z}, we see that

Φ(A) ∈ {A,−A,At,−At}.

If Φ(A) = −A, we may change the set S and assume also that Φ(A) = A. If Φ(A) = At, we
can replace Φ by the map C 7→ DCDt with D = E12 + E21. Then Φ(A) = A, Φ(X) = X,
Φ(Y ) = −Y and Φ(Z) = Z. Again, we can adjust the set S and assume that Φ fixes A,X, Y, Z.
We can do similar adjustment and assume that Φ fixes A,X, Y, Z if Φ(A) = −At.

Now, consider B =
√

2E21. By the fact that W ([C,B]) = W ([Φ(C),Φ(B)]) = W ([C, Φ(B)])
for C ∈ {A,X, Y, Z}, we see that Φ(B) ∈ {−B,B}. We can adjust the set S if necessary and
assume that Φ(B) = B. Now, by the fact that Φ(C) = C and W ([C, R]) = W ([Φ(C),Φ(R)]) =
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W ([C, Φ(R)]) for all C ∈ {A,B, X, Y, Z}, we conclude that Φ(R) ∈ {−R, R} for every R ∈ M0
2 .

Thus (a) holds implies that Φ has the first form in (3) of Theorem 1.1.
If (b) holds, we can use a similar argument to show that Φ has the second form in (3) of

Theorem 1.1. ¤
Acknowledgements. The authors wish to give their hearty gratitude to the referees for
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[6] M. Dobovǐsek, B. Kuzma, G. Lešnjak, C.-K. Li, T. Petek, Mappings that preserve pairs of operators with

zero triple Jordan product, Linear Algebra Appl., 426 (2007), 255-279.

[7] G. Dolinar, K. He, J.-C. Hou, B. Kuzma, Maps on self-adjoint operators preserving numerical range of

Lie products up to a factor, Acta Math. Sin. (Ser. A), 54 (2011), 925-932.

[8] H.-L. Gau, C.-K. Li, C∗-isomorphisms, Jordan isomorphisms, and numerical range preserving maps, Proc.

Amer. Math. Soc., 135 (2007), 2907-2914.

[9] H.-L. Gau, P.-Y. Wu, Condition for the numerical range to contain an elliptic disc, Linear Algebra Appl.,

364 (2003), 213-222.

[10] K. E. Gustafson, D. K. M. Rao, Numerical range: The Field of values of linear operators and matrices,

Universitext, Springer-Verlag, New York, 1997.

[11] P. R. Halmos, A Hilbert space problem book, D. Van Nostrand Co., Inc., Princeton, 1967.

[12] K. He, J.-C. Hou, X.-L. Zhang, Maps preserving numerical radius of products of self-adjoint operators,

Acta Math Sinica, 26(6) (2010), 1071-1086.

[13] R. A. Horn, C. R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge, 1991.

[14] J.-C. Hou, K. He, X.-L. Zhang, Nonlinear maps preserving numerical radius of indefinite skew products

of operators, Linear Algebra Appl., 430 (2009), 2240-2253.

[15] J.-C. Hou, On operator inequalities and linear combinations of operators, Linear Algebra Appl., 153

(1991), 35-51.

[16] J.-C. Hou, Q.-H. Di, Maps preserving numerical range of operator products, Proc. Amer. Math. Soc., 134

(2006), 1435-1446.

[17] I. Kaplansky, Infinite Abelian groups, U. of Michigan Press, Ann Arbor, Michigan, 1954.

[18] D. S. Keeler, L. Rodman, I. M. Spitkovsky, The numrical range of 3 × 3 matrices, Linear Algebra Appl.,

252 (1997), 115-139.

[19] C.-K. Li, A survey on Linear Preservers of Numerical Ranges and Radii, Taiwanese J. Math. 5 (2001),

477-496.

[20] C.-K. Li, E. Poon, N.-S. Sze, Preservers for norms of Lie products, Operators and Matrices, 3 (2009),

187-203.

[21] C.-K. Li, N.-S. Sze, Product of Operators and Numerical Range Preserving Maps, Studia Math., 174

(2006), 169-182.

cklixx
Highlight
comments and suggestions that help improve 



18 JINCHUAN HOU, CHI-KWONG LI, AND XIAOFEI QI

[22] L. Molnár, Orthogonality preserving transformations on indefinite inner product spaces: generalization of

Uhlhorns version of Wigner’s theorem, J. Funct. Anal., 194 (2002), 248-262.
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