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ABSTRACT. Let T be a quadratic operator on a complex Hilbert space H. We show that T" can be

written as a product of two positive contractions if and only if T is of the form

al P

aIéBbIGB(O bl

) on Hi® Hy® (Hs ® Hs)

for some a,b € [0, 1] and strictly positive operator P with ||P|| < |\/a — vb|\/(1 —a)(1 — b). Also,

. i . . . (Th T
we give a necessary condition for a bounded linear operator 7" with operator matrix ( 01 Tg) on
2

H & K that can be written as a product of two positive contractions.

1. INTRODUCTION

There has been considerable interest in studying factorization of bounded linear operators (see

[2, 3, 4, 5, 15]). For example, a 2 x 2 matrix C' can be written as a product of two orthogonal

$ V)

for some a € [0,1]. For more results about products of orthogonal projections, one may consult

projections if and only if C' is the identity operator or C' is unitarily similar to <

[1, 7, 8, 11]. Note that one can write an n x n matrix C as a product of two positive (semi-definite)
operators exactly when C' is similar to a positive operator (see [14, Theorem 2.2]). However, in the
infinite dimensional case, the product of two positive operators may not be similar to a positive
operator (see [12], [15, Example 2.11]). For more development in this direction, one may consult
[12, 14, 15].

In this paper, we study the problem when a bounded linear operator 7" on a complex Hilbert
space H can be written as a product of two positive contractions. In this case, T must be a

contraction, and we have that

—I/S<ReT and —I/A<ImT <I/4
(see [10, Theorem 1.1 and Corollary 4.3]). In Proposition 2.4, we give a necessary condition for
this problem when T' has operator matrix

T T;
(0 T2> on H®K.
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In such a case, T1 and T5 must also be products of two positive contractions. This is an extension
of the result of Wu in [14, Corollary 2.3| concerning the finite dimensional case. However, even for

a 2 X 2 matrix C, it is not easy to determine when it is the product of two positive contractions.

1(9 3
0_25<0 16)'

The diagonalizable contraction C' is similar to a positive operator. Thus it is a product of two

positive operators. Moreover, C' satisfies —I/8 < ReC and —I/4 < Im C < I /4. However, we will

For example, consider

see that C' cannot be written as a product of two positive contractions by Lemma 2.1.

Let B(H) be the algebra of bounded linear operators acting on a complex Hilbert space H. We
identify B(H) with M,,, the algebra of n X n complex matrices, if H has finite dimension n. Recall
that a bounded linear operator T € B(H) is positive (resp., strictly positive) if (Th, h) > 0 (resp.,
(Th,h) > 0) for every h # 0 in H. We write as usual 7" > 0 (resp., T' > 0) when T is positive
(resp., strictly positive).

We call T € B(H) a quadratic operator if (T'— al)(T — bl) = 0 for some scalars a, b € C. Every

quadratic operator T' € B(H) is unitarily similar to

al P

aI@bI@(O bl

) on Hy @ Hy® (Hs @ Hs)
for some a,b € C, P > 0 (see [13]). In this paper, we prove the following.

Theorem 1.1. A quadratic operator T' € B(H) with operator matrix

al P

aIEBbIEB<O bl

> on Hy® Hy @ (Hs ® H3)

for some a,b € C and P > 0, can be written as a product of two positive contractions if and only if
a,be0,1], and |[P| < |Va— Vol —a)(1—b).

2. PROOF

First we consider the 2 x 2 case so that we can identify B(H) = M and H = C?.

Lemma 2.1. Suppose C = (8 'Z) with z > 0. Then C is a product of two positive contractions
if and only if a, b € [0,1],

zeS={c:0<c<|Va— Vb1 —a)(l-0)}.
If the above equivalent conditions hold, then there are continuous maps a;j(z), bij(z) for 1 <i,5 <2
with

0 < aii(2), bi(z) <1, aia(z) =a2(z) >0, bia(z) = bai(2) <0,
(2.1)



such that
(2) @) = (g 5). 25

Proof. We first prove the sufficiency. Without loss of generality, we may assume 0 < a < b < 1.
If a =borb=1,then z = 0 and C = diag(a,1)diag(1,b). In the following, we may assume
0 <a < b< 1, and consider two cases.

Case 1. 0 =a < b < 1. For z € S, we have that 22 < b(1—b) and hence (22/b)+b < (1—b)+b = 1.

Consider
2/ 2 bi1(z) bia(z) 00
A (mn(z) a2(2)) _ (2% 4 B (Mm 12(2)) _
<a21(2’) GQQ(Z) z b an b21 (Z) bQQ(Z) 0 1)’
Then A is rank 1 with eigenvalue (22/b) + b, and C = AB. Evidently, a;;(2), b;j(z) are continuous

maps for 1 <i,j < 2 and satisfy (2.1), (2.2).
Case 2. 0 <a <b< 1. For z € 5, we have
2

a+b—ai$ﬁf:5za+b—@f—v®2:mﬁa

Let A1(2) > A2(z) be roots of the equation

2

V-4a+b—ZT:;RTj5

)JA+ab = 0.

Then, a < A2(z) < Ai(2) < band A\i(2), A2(z) are continuous maps on z € S. Note that

2

A (2)A2(z) =ab, Ai(z)+X2(2) =a+b— (0
We have
23) zZ%aﬂwvmg—wmwxj:Lz
j

We will construct
b11(z) bi2(2) a3 —as
A a11(z) ai2(2)) _ (a1 a2 4 B (Mm 1 _
<a21 (Z) CLQQ(Z) as as an b21(2’) 622(2’) v —a9 aq
such that A has eigenvalues 1, A1, B has eigenvalues 1, A5, and C = AB. First, we set

A
=229

2.4
(2.4) =TT

Because 1 —b—~v+by=(1-0)(1—7) >0, we can let




so that by (2.4),

(b—a) a ~b—~a—a—~yab+ya+ a?
a3—>\1 = - — =

I+by—v—a) v Y1 +by—v—a)

_Sh-a-a) 0w
T Uiy Ui

Then we can let
ar=1+X —a3>0 sothat a1 +a3=1+X\

and

a2:\/a1a3—)\1: \/(1+)\1—a3)a3—A1:\/(1-@3)(@3—)\1) so that alag—a%:)\l.
As aresult, a; + a3 =1+ A\, det(A) = A1, and hence A has eigenvalues 1, A\;. Further, let
1 A
ag = a—(fy—g +a3) sothat ~%(azas —a3) = .
3

Then by (2.4),

Y (A2 o v [ A2
= — (= = (= — M+
v(as + aq) yaz + o (72 + a2> o <72 + (a3 — M1 + 1a3)>

A b—
= 7<§—A1)+7(1+A1):7( a)+fy(1+A1)
as \vy as v

= 1l+by—y—a+y+yA =1+ X

As a result, trB = 1+ Ag and det(B) = \y. Therefore, B has eigenvalues 1, A\o. Denote by (AB);;
the (7,7) entry of AB. By (2.4),

(AB)11 = y(aras — a3) = yA1 = a, (AB)z2 = y(azas — a3) = v(A2/7*) = b.

Clearly, (AB)21 = 7y(a2as — aszaz) = 0. By (2.4) and (2.3),

(AB)12 = n~az(as —a1) = vy/(1 — as)(as — A1) ((az + as) — (a3 + a1))
WA =b—7+b)b— )1 —a) <(1 )
(1+by—v—a) g

VA=) (1 —7y)(1—a)(b—X)
(1+by—v—7\)

- (1+)\1)>

(14 X2 — v —7A1)

N (T ey ey w —Hl g ma)bh) _

A

For the converse, since A, B are positive contractions with o(C) = o(AB) = o(BY/2ABY?) C
[0,00), we have 0 < a,b < 1. Without loss of generality, we may assume a < b. First, consider

|A|| = ||B]| = 1. Then the assumption C' = AB implies C is unitarily similar to

(03] 0 b1 bg o Oélbl O[lbg
0 1)\ba bs) \ bo by )’
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where (Zl Z2> is unitarily similar to <062 (1)> for some 0 < aj, a0 < 1, as < by,by < 1 and
2 b4

bg > 0. Thus we have 1 + Qg — bl + b4, a+b= albl + b4, ab = a1y — al(blb4 — bg), and
a? + b + 2% = a2(b? + b3) + b3 + b3. These imply that

22 = [Oz%(b% + b%) + b% + bi] — [(Ozlbl + b4)2 — 2&10&2] = (1 — 051)2()%.
Hence we may assume o7 < 1. In addition, we also obtain that

a+b:albl+b4:a1b1+1+a2—b1:1—|—a2—(1—a1)b1

and hence
bl = L (l—l—ag—a—b)
1—0[1
= a1 - —ab+ay)
1—0[1
1
. l_al[a2(1—a1)+(1—a)(1—b)L

where the last equality follows from ab = ajag. Let ¢ = (1 —a)(1 —0)/(1 — a1). Then by = ay + ¢

and by = 1 — ¢. By a direct computation, we see that
22 = (1—a1)?b3 = (1—0o1)*(b1by — az)
= (1—o)*[(az2+e)(1—c)— ay] (because ag = biby — b3)
= c(l—a)[(1—a)(l—a)—cl—a)
= (1=a)1-0)(a+b) - (a1 +a2)],

where the last equality follows from ¢ = (1 —a)(1 — b)/(1 — a1) and ab = ajae. Since ab = ajas,

we have oy + s > 2,/aqas = 2v/ab. This implies that
2 < Wa— Vol - a1 —0).

In general, since C = « <8 %) = a(ﬁ)(ﬁ), where 0 < o = ||A|||B|| < 1, the scalars a,b, 2

in the above can be replaced by a/a,b/a, z/a, respectively, to get 0 < a/a, b/a < 1 and

<ya-Sa-yfe- v

This shows that 0 <a, b < a <1 and

Rl

2 < IVa— Vil (0 - )1~ ) < |vVa— VBV~ a1 - b).

This proves the necessity. |

In order to prove Theorem 1.1, we need the following fact; see, for example, [9, p. 547].
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Lemma 2.2. Let A be a bounded linear operator of the form

A A
<A>{2 Aoy on H® K,
where H and K are Hilbert spaces. Then A is positive if and only if A11 and Aso are both positive

and there exists a contraction D mapping K into H satisfying Aio = A%{zDAl/z.

Lemma 2.3. Suppose a11(z),a2(z),a12(z) = a2 (z) are continuous real-valued functions defined

z) a1a(2) an(P) ai2(P)
) a22(z)> >0 for all z€ S. Then ((Igl(P) a22(P)> >0 on
€

B(H) with spectrum in S.

on S C [0,00) such that A = <a112
H & H for all positive operators P
Proof. Since A > 0, we have a11(2), aga(z) > 0 and

0< alg(z)azl(z) < all(z)agz(z), z €S

Define h(z) by

h(Z) = ajq (2)‘122 (2)

0 if alg(z) =0.
Then h(z) is a bounded Borel function on S with |h(z)| < 1, which satisfies
2 1/2
ara(2) = a3y (2)h(=)as)” (=)

By the spectral theorem, for all positive operators P € B(H ) with spectrum in S, we have a11(P) >
0, CLQQ(P) Z 0, alg(P) = agl(P) Z 0 and

a12(P) = ar{’(P)h(P)az,’(P)
for the contraction h(P) € B(H). Our assertion follows from Lemma 2.2. [

In the finite dimensional case, Wu [14, Corollary 2.3] has shown that if C' = (C(;l g?’) is a
2

product of two positive operators, then so are C; and Cs. Proposition 2.4 gives another proof
which holds for both finite and infinite dimensional Hilbert spaces. In fact, it is also true that

positive operators are replaced by positive contractions.

Proposition 2.4. Let T be a bounded linear operator of the form

Ty Tj
<0 T2> on H® K,

where H and K are both Hilbert spaces. If T is a product of two positive contractions, then so are
Ti and T5.

Proof. By our assumption and Lemma 2.2, we may assume that T'= AB, where A and B are of

the form
( A A}/2D1A§/2> . ( B BY*D,By?

AY2Dr Al Ay BY?Ds B}/ Bs
6

) on H® K,



respectively, such that 0 < A} < Iy, 0 < Ay < Ig, 0< By < Iy, 0< By < Ig, Dy and D5 are

contractions from K into H. From T = AB, we obtain that

(2.5) Ty = A\ By + AV?Dy(AY*BY? D3 BI/?),
(2.6) A2 (DEA BB = — A4y By Dy By,

Ty = (Ay*DiAY?B*) Dy By + A3Bs.
L . 1/2 1/2y1 o . 1/2
et E be the restriction of Ay~ to (ker A, ”)~, then E; is injective. Since 0 < A~ < Ik, so
we can consider the (possibly unbounded) inverse E := E;': ran Aé/ > 5 (ker Aé/ %)L such that

EAé/2 = Py, where Py is the orthogonal projection from K onto rcmA;ﬂ. Hence by (2.6), we derive
that

A By D3 By = Py(A)*By? D3 BY?) = —Ry(Di A By).
Moreover, substitute this into (2.5) to get
= A1B - A1/2D1(PO(DTA1/231))

— [AY*(Iy — D\ DY) AV By

= 4 — (BD})* (PD}) 4] B1.
Note that |[[PoD7|| <1 implies that

0< (g — (RDy)* (DY) < In.

Therefore, T} = [(Ai/QPl*)PlAim]Bl, where PfPy = Iy — (PyDy)*(PoD7) for some positive con-
traction P; on H. This shows that T} is a product of two positive contractions. Similarly, we can

show that T3 is a product of two positive contractions, and hence so is T5. This completes our

proof. |

Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. We first prove the necessity. By assumption, we can focus on the part

al P
(0 bI) EB(HS@HZi)

for some P > 0 . Now, consider a 2 x 2 matrix <8 Z) with a, b € [0, 1] and

zeS:={c:0<c<|Va—vb\/(1—-a)(l-0)}.
Then by Lemma 2.1, there are continuous maps a;;(2), b;j(z) for 1 <4, j < 2 with a12(2) = a2 (2) >
0, b12(z) = b21(2) < 0 and satisfy

0% (@) < 0 B5() <hy (aDos) = (5 ;). ces



By Lemma 2.3,
0<(a;(P))<I and 0< (by(P)) <.

By the spectral theorem on positive operators,
al P
asPnose) = (4 7).

To prove the converse, suppose there is a factorization of the quadratic operator T' € B(H) with

al
0 ol

By Proposition 2.4, we know that

operator matrix al & bl & < > for some P > 0 as the product of two positive contractions.

le(aof g)zAB for some 0< A B<I, A Be€ B(Hs® Hj3).

We may use the Berberian construction (see [6]) to embed H3 into a larger Hilbert space K3, B(H3)
into B(Kg) Suppose A= (Aij)lgi,jSQaB = (Bij)lgi,jSQ S B(Hg D H3) Then P, A, and B are
extended to p S B(Kg), 121 = (Aij)lgid‘gQ S B(Kg D Kg), and B = (Bij)lgi,jéQ S B(Kg D Kg),

respectively, such that the following conditions hold.

(a) P > 0 with ||P|| = || P|| such that all the elements in o(P) are eigenvalues of P.

(b) 0 < fl,B < I such that T} = <QOI 5) — AB.

Since P > 0 and 0(15) are eigenvalues of P, the quadratic operator 7} is unitarily similar to

P . . . .
(3 I b H) @ T» that admits a factorization as the product of two positive contractions. By Propo-

s P\ . . .
sition 2.4, we see that (8 | b H) is a product of two positive contractions. Thus,

1P| < [Va — Voly/(1 —a)(1-b). u

Remark 2.5. Inspired by a comment of the referee, we see that if one considers the set of operators
of the form <a0I 5) with respect to a fized orthonormal basis, then our proof of Theorem 1.1 shows

that the decomposition depends continuously on P, and therefore continuous on T.
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