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Abstract Let A = (Ay,...,Ay), where Ay, ..., A, are n X n real matrices.
The real joint (p,q)-matricial range of A, A¥ (A), is the set of m-tuple of
q x ¢ real matrices (Bi,...,By,) such that (X*A;X,..., X*4,,X) = (I, ®
By,...,I, ® By,) for some real n x pg matrix X satisfying X*X = I,,. It is
shown that if n is sufficiently large, then the set A§7q(A) is non-empty and
star-shaped. The result is extended to bounded linear operators acting on a
real Hilbert space H, and used to show that the joint essential (p, ¢)-matricial
range of A is always compact, convex, and non-empty. Similar results for the
joint congruence matricial ranges on complex operators are also obtained.
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1 Introduction

Let F be the field R of real numbers and the field C of complex numbers.
Denote by M,,(F) the set of n X n matrices with elements in F and M7 (TF)
the set of m-tuple of matrices in M, (F). The joint numerical range of A =
(Ay,..., Ap) € M(C) is defined by

W(A) ={(z"Ayz,..., 2" Apz) 12 € C", 2"z =1}. (1.1)

The joint numerical range is useful in studying problems involving a collection
of matrices that arise naturally in pure and applied areas, see [9,16,30] and
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their references. When m = 1, W(A) = W(A;) reduces to the classical nu-
merical range of A; € M,,(C), and the joint numerical range is one of its many
generalizations, see [12, Chapter 1]. In particular, researchers also consider the
real joint numerical range WE(A) for A = (A4y,..., A;) € M7 (R), which is
defined analogous to (1.1) using real vectors and real matrices; see [2,4,5,8,
20,21,23]. In this case, the conjugate transpose X* is just the transpose X'
for any X € M,,(R).

In theories as well as applications, it is useful to study the geometric
properties of the joint numerical ranges such as the convexity and the star-
shapedness. The results on the complex case and the real case could be similar
or very different. We elaborate this comment in the following.

For complex matrices Ay, ..., A, € M,,(C), by the Hermitian decomposi-
tion, W(A1,...,A,) € C™ can be identified by W (Hy, K1, ..., Hpy, Kp) C
R?™ where A; = H; + iK; with (H;, K;) = (H;,K7) for j =1,...;m. There-
fore, one can focus on m-tuple of Hermitian matrices in the study of the
geometric properties of W(A). The Toeplitz-Hausdorff Theorem asserts that
W (A, As) is always convex for any Hermitian matrices A;, As, see [10,28].
Au-Yeung and Poon [3] showed that W (A, Ay, As) is always convex for Her-
mitian matrices A;, Ay, Az € M,,(C) if n > 3. In general, W(A4,..., A,,) may
fail to be convex if m > 4, for example, see [16]. In fact, it is possible to con-
struct examples such that no three points in W(A) are collinear. For example,
one may let {A1, ..., A,,} besuch that {I/\/n, A;,..., Ay} is an orthonormal
basis of M,,(C) under the usual inner product (4, B) = tr(AB*). Then one can
verify that every element (1, ..., ptm) € W(A) satisfies 327, |u;]* = 1—1/n.
Thus, no three points in W(A) are collinear. In [15], the authors obtained the
unexpected result that if n is sufficiently large, then W (A4, ..., A,,) is always
star-shaped.

For real matrices Ay, ..., A, € M, (R), one can decompose A; = S; + G;,
where S; is real symmetric and G is real skew-symmetric for j = 1,...,m.
Since v'Gjv = 0 for all real vectors v € R, we see that W¥(A;,..., A,,) =
WE(Sy,...,Sy). Brickman [5] showed that W®(Sy,Sy) is always convex for
symmetric matrices S, 92 € M, (R) if n > 3. However, WR®(S}, S5, S3) may
fail to be convex in general. There are examples for which no three points
in W&(Sy,...,S,,) are collinear. One may wonder if W&(Sy,....S,,) is star-
shaped when n is sufficiently large. We will answer this question in the affir-
mative by proving more general results.

Let A = (41,...,4,) € M*(R) be an m-tuple of real matrices. The real
joint (p, g)-matricial range of A is defined by

AY (A)={(B1,....Bpn) e MI"(R): X'A;X =1,® Bj,
X'X =1, j=1,...,m}

In other words, I, ® Bi,...,I, ® By, are compressions of Ay,..., Ay, to a
pg-dimensional subspace of R”. When p = ¢ = 1, /lllRﬁl(A) reduces to the real
joint numerical range W¥(Ay, ..., Ay,). The set A3 (A) is the real analog of
the joint (complex) (p, ¢)-matricial range of A € M (C) defined as

Apo(A) ={(Bi,...,Bn) e M"(C): X*A;X =1,® Bj,
X*X =TI, j=1,....,m}.

The study of 4, ,(A) was motivated by the search of quantum error correction
code for a given quantum channel, for example, see [13,17]. In [13] it was shown
that if the dimension n is sufficiently large, then the complex joint (p,q)-
matricial range is non-empty and star-shaped. Consequently, if the underlying
Hilbert space of a quantum system has sufficiently high dimension, one can
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always find a correctable subsystem for a quantum channel; see [6] and [17]
more details.

In this paper, we establish the non-emptyness and the star-shapedness
result for Aﬂi 4(A) when n is sufficiently large. Similar results are obtained for
the joint congruence (p, ¢)-matricial range of A € M (C) defined by

AS (A)={(Bi,...,By) eMIC): X'A;X =1,® B,
X*X =1y j=1,...,m}.

When p = ¢ = m = 1, AP%(A;) reduces the congruence numerical range
considered in [7,11,18,19,25-27]; the study is related to the action of unitary
congruence A — U'AU on complex matrices A. Furthermore, we extend the
results to infinite dimensional operators.

Our paper is organized as follows. In Section 2, we obtain lower bounds on
the dimension n for which AE,%(A) is non-empty and star-shaped. In Section
3, we obtain similar results for the joint congruence (p, ¢)-matricial range of
A € M7*(C). In Section 4, we extend the results in Sections 2 and 3 to bounded
linear operators acting on infinite dimensional Hilbert space H over F. In
particular, we define the joint (p, g)-matricial range and the joint congruence
(p, q)-matricial range for bounded linear operators, respectively, depending on
F = R or C. In addition, we use the results to show that the joint essential
(p, g)-matricial for real operators and the joint essential congruence (p,q)-
matricial range of complex operators are always compact, convex, and non-
empty.

2 The Real Joint (p, g)-Matricial Range

Denote by M,, »(R) the set of all n x r real matrices and denote by P, , the
set of n x r real matrices X such that X*X = I.. We abbreviate M,, ,(R)
and Py, to M,(R) and P, respectively. Note that P, is the group of all
orthogonal matrices. Recall that for A = (4y,...,4,,) € M7 (R), its real
joint (p, ¢)-matricial range is defined by

Ay (A) ={(B1,...,Bn) : X'A;X =1, ® Bj, X € Pppq}-

Let A; = S; + Gj, S; be real symmetric and G; be real skew-symmetric, j =
1,..,m. Then AT (A ) has the same structure as /1]R (St 8m, Gr, o G,
Suppose that {51, ol Su}, {Gl7 . Gv} are bases of span{Sh .oy Sm} and
span{G, ..., Gn}, respectively. Then there are (t;;) € My, ,,(R) and (s;;) €
M, (R) such that S; = 32 ¢,;S; and G = 320 8,;Gy for j = 1,...,m.
It is clear that (Bi,...,Bm,C1,...,Cn) € /1]R (S, Smy G,y Gy i
and only if B; = Y /* 1t”B and C; ZZ S”é j=1....m, for some
(Bl7 oo By, Ch, ..., Cv) (Sl, oSy, Gl, LGy ). Therefore, in order
to study the geometrlcal propertleb of Ap q(Sl, .. Sm, Gl, .., Gp), we may
focus on /1]R (5’1, oy Sy, G,y Gv) where {51, ooy S8u G, C:'v} forms a
linearly 1ndependent set.

For real symmetric matrices, one can adapt the proof in [15, Proposition
2.4] to deduce the following. It is clear that for A € MI"(R), (s11y, ..., Smly) €
A% (A) if and only if (s1,...,5m) € A, 1 (A).

Proposition 2.1 Let Sy,...,S, € M,(R) be real symmetric matrices. If n >
(m +1)2(pq — 1), then there are real numbers s1, ..., Sy, such that

(81,...,Sm) pql(Slv"'vsm)'
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Clearly, if Gy, ..., Gy, € M, (R) are skew-symmetric, then A;lf,l(Gl, o0, G)
C {(0,...,0)}. In general, we have the following proposition. In its proof, we
will denote by 0, , the n X r zero matrix and 0,, the n x n zero matrix.

Proposition 2.2 Let Gy,...,G, € M, (R) be real skew-symmetric matrices.
If n > 2™pq, then

AZ (G, Go) = £(0,.,0)}.

Proof. “C” is clear. Now consider “2”. We first assume m = 1. It suffices to
consider the case n = 2pq. By spectral decomposition of real skew-symmetric
matrices, there is an orthogonal matrix W € P,, such that W!G\W = B; @
By®--- @ Bpg where B; = [_(;\j )\Oj]’ Aj; € Rand j =1,...,pq. Then 0, is the
principal submatrix of WG W lying in the rows and the columns indexed by
1,3,...,2pqg — 1. Hence 0 € A§q7l(G1).

Let m > 1 and n > 2™pq. We apply an inductive argument. First, there is
an orthogonal U € P, such that U'G,,,U has Ogm-1,, as the leading principal
submatrix. Replace G; by U'G,U for all j =1,...,m. Let C;’j € Mym-1,,(R)
be the leading principal submatrix of G; for j = 1,...,m. Then Gm = Ogm—1pq-
By induction, there is an orthogonal matrix V' € Pym-1,, such that VthV
has leading principal submatrix 0,4 for j =1,...,m—1. Thus, if W =V &I €
Pompg, then WEG;W has leading principal submatrix 0,, for j =1,...,m. It
follows that (0,...,0) € qujl(Gl, s Gr) [ |

For A € MJ'(R), it is clear that (a1, ..., am) € A%, (A) for real ay, ..., ap, if
and only if (a11y, ...,anly) € Aﬂiq(A). Combining Proposition 2.1 and Propo-

sition 2.2, we have the following.

Theorem 2.1 Let A = (S1,...,5m,,G1,...,Gm,) € M™1+tm2(R) where Sy,

., Sm, are real symmetric and G1, ..., G, are real skew-symmetric. If n >
2m2 (my+1)2(pg—1), then there are real numbers s1,. .., Sm, +m, With Sy, 11 =
= Smy+me = 0 such that

(S1y- -y Smyt+ms) € AR (A)  and  (s1ly,.. .y Smytmaly) € A%ﬁq(A).

Pq;1
Proof. If n > 2™2(my + 1)%(pq — 1), then by Proposition 2.2, there is an or-
thogonal matrix U € P,, such that the leading principal submatrix U'G,;U
is 0, with 7 = (m1 + 1)%(pg — 1), j = 1,..,my. Let S; € M,(R) be the
leading 7 x r principal submatrix of U*S;U. By Proposition 2.1, there are
real numbers si,...,5,, and V € P, such that s;I,, is the leading prin-
cipal submatrix of VtS;V for j = 1,...,my. Let W = U(V @ I,,_,) and
Smi4+1 = " Smyi4ms = 0. Then s11p,q, ..., Sy +m, Ipg are the leading principal
submatrices of WS W, ..., W'S,,, W, W'GLW, ..., WtG,,, W respectively. The
result follows. |

Theorem 2.2 Let A = (Ay,...,An) € M*(R), where Ay,..., A, are real
symmetric or real skew-symmetric. Suppose

C=(C1,..Cm) € Ay (YT ALY, .. .Y ALY)  for all Y € Py pg(mt1)-
Then C is a star-center of A% (A).

Proof. Suppose B = (B4, ..., By,) € Ay ,(A). Then there is an X; € P, 54 such
that X{A4;X; = I, ® B; for j = 1,...,m. Extend the X; to an orthogonal
matrix U; € P,,. Then

Ip Q? Bj Rj ~

I *}7 where Rj:Rt. or Rj:—R§, j=1,...,m.
J

m&m:[ :
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Note that there is a subspace of dimension at most pgm containing the range
spaces of Ry, ..., Ry,. Therefore, there exists an V' € P,,_,q such that R;V =
[0pg,n—pg(m+1)|S5] where S; € Mpg pgm(R), j = 1,...,m. Then

I,®B; 05,

I, ® B; R;V P T
(Ipq@v)thAle(Ipq@v): [];/t]:?jj fk }: 0 Cj x|

S; S

where S; = S} or S; = —S%; and C; e M, _pg(m+1)(R), 5 =1,...,m. By as-
sumption, we have C € Aﬂs)q(él, - C’m) Then there is an Xo € Pp_pg(m+1).pq
such that X%OjXQ =1,8Cj,j =1,...,m. Extend X5 to Uz € Py, _pg(m+1)- For

every 0 < a<1,let W=Ui(Ip, ®V)(Ipg ® Uz ® Lpgm)[alpg| V1 — a214]0] €
Pn.pq- Then

W'AW =1, ® (aBj + (1 —a)Cj), j=1,..,m.

Hence, aB + (1 — )C € A% (A1,...,A,) for all 0 < o < 1 and C is a
star-center of A% (A). u

Theorem 2.3 Let A = (Ay,...,An) € M(R) and p,q,r be positive inte-
gers. If 1 < qr < p <n, then

AR (A) S ({45 (YIAY) Y € Py}

P—qr,q
where YIAY = (YtAY,..., YA, Y).
Proof. We start with the case when r = 1, that is

AR (A C ({4, (YIAY) Y € Py}
Let Y € Ppp-1. Extend Y to an orthogonal matrix U = [Y|y] € P,. Let
C = (C1,...,Cp) € Ay ,(A). Then there is an X = [X;]...|X}] € P, with
X1,...;Xp € Py q such that X}A; Xy, = 60xCj, j=1,...,mand {,k=1,...,p.
Here 6y, is the Kronecker delta function. Define the g x p real matrix

Q= [Xly X3y --- X}y].
Note that the nullity of @ is at least p — ¢. Then there exists a W = [w;;] €
Pp.p—q such that QW = 0. Let V; = Y% w;; X;, j = 1,...,p — q. By direct
computation, we have V}'V; = §; ;I, and Vy = 0;4,j = 1,...,p — . Therefore,
V = [Vi]---|Vp—q] € Pp (p—q)q and there exists Z € P,_1 (,—q)q such that

YZ =V. NIOI‘GOVGI‘7 ‘/ZtAij = 1:,:1 Zle wsgwthzAth = 5g7k0j, ] =
1,...m,and £,k =1,...,p — q. Hence,

ZY'AYZ=VIAYV =1, ,0C;, j=1,..,m,

and hence C € AR ___(Y*AY). The general case follows by induction:

P—4q,9

N AGg,iAYC (] N A (FYIAYIYS)

Y1€Pn,n—k Yi€Pnn—k Yo€EPn gk n—k—1

R t
< ﬂ Ap—q(k+1)7q(Y AY).
YEPn n—(k+1)

We denote by conv(S) the convex hull of the set S.
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Corollary 2.1 Let A = (Ay,...,Ay) € MT(R). If n > 2™(m + 1)%(pq(1 +
?(2m +1)) — 1), then

(i) Af ,(A) is non-empty where p = p(1 + ¢*(2m + 1)),

(i) A%, (A) is star-shaped and C is a star-center of AS (A) for all C €
conv(A% (A)).

Proof. (i) This follows from Theorem 2.1 by setting m; = mo = m and iden-
tifying A% (A) with A% (S1, ..., 5m,G1, ..., Gn).

(ii) By Theorem 2.3, we have

C m{ p—q2p(2m—+1), q(YtAY) 1Y € Pn,n—pq(2m+1)}
- n {A YtAY Y e Pn,n—pq(?m-&-l)} .

Note that the set of all star-centers is always convex. Then the result follows
from Theorem 2.2. |

3 Joint Congruence (p, g)-Matricial Range

Let M, x(C) be the set of all n x k complex matrices and let U, ; be the set
of n x k complex matrices X such that X*X = I;. We abbreviate M,, ,(C)
and Uy, to M, (C) and U, respectively. Note that U, is the group of all

unitary matrices. Define the joint congruence (p,q)-matricial range of A =
(A1,..., Ap) € MI(C) by

AS (A)={(B1,...,Bm) : X'A;X =1, ® Bj, X € U, pq}-

Evidently, (Bi,...,By) € AS (A) if and only if there is a unitary U € U,
such that I, ® B; is the leading principal submatrix of U'A;U for j = 1,...,m.
The orbits of a matrix A under the group action (U, A) — U'AU, where U
is unitary, have been studied in [7,11,18,19,25-27]. Using the techniques in
Section 2, we can obtain similar results for the joint congruence (p, ¢)-matricial
range. To avoid repetitions of arguments, we may omit some details in the
proofs unless non-trivial modifications are needed.

For j =1,...,m, we can write A; = S; + G such that S; = (A4; + A})/2
is complex symmetric and G; = (4; — A;) /2 is complex skew-symmetric. It is
easy to see that the qu(A) and A;C)’q(Sl, ey SmyG1, ..., Gp,) have the same
geometric structure. So we follow the idea in the previous section and consider
(A, ..., A,,) where A; is complex symmetric or complex skew-symmetric. After
that we can derive similar results for general complex matrices. Moreover, we
may remove A; which is a linear combination of other components until we get
a family of linearly independent matrices Ay, ..., Ax. We start by the following
observation.

Proposition 3.1 Suppose A = (Ay,...,An) € M (C). Then (Cy,...,Cp)
is a star-center of Aqu(A) if and only if every element in the set

conv{(U'C1U, ..., U'C,,U) : U € Uy}

is a star-center. In particular, if qu(A) is star-shaped, then (0g4,...,04) is a
star-center.

The proof of the following result is similar to the proof of Theorem 2.2 and
will be omitted.
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Theorem 3.1 Let A = (Ay,...,An) € M (C) where Ay,..., A, are com-
plex symmetric or complex skew-symmetric. Suppose n > pg(m + 1) and

Ce A (Y'AY,...Y'A,Y)  forall Y €Uppn_pgimi1)-
Then C is a star-center of qu(A).

Theorem 3.2 Suppose A = (Ay,...,An) € M (C) where Ay,..., Ay, are
complex symmetric or complex skew-symmetric.

(i) If n >2"pq, then 0y = (0O, ...,04) € AT (A).
(ii) Ifn > pq(2™ +m+1), then 04 is a star-center of A5, (A).

Proof. (i) The proof is similar to the proof of Proposition 2.2. If one can show
that for n > 2pgq, there exists an X € U,, such that X*A; X has 0,4 as the
leading principal submatrix, then the same inductive argument in the proof of
Proposition 2.2 leads to 0, € A5 (A). Therefore, we will show the existence
of such X when n > 2pq. If A; is complex skew-symmetric, then X exists by
the same construction in the proof of Proposition 2.2.

Now, let A; be symmetric. First, we show that A is congruent to a matrix
A; such that the first row has the form (0,%,0,...,0) and the first column has
the form (0, *,0,...,0)". By Autonne-Takagi factorization there is a unitary
U € U, such that U'A;U = diag(aq,...,a,) with a; > -+ > a, > 0 (see [1,
12]). Multiply the second column of U by i to get V and we have VAV =
diag(ay, —as, as, aq, .. .,a,). Note that there is a real 2 x 2 orthogonal matrix
P such that the (1,1)-th entry of Ptdiag(a;, —as)P is zero. Let W, = V(P @
I,,—2). Then the first row of A = WEA Wy is (0, p,0,...,0) for some p. As
A is symmetric, we see that the first column of A, equals (0, 1,0, ...,0)%

We may then replace A; by A;. Then consider the principal submatrix
of A; by deleting the first two rows and the first two columns of A; and
repeat the above argument on that submatrix. Therefore, there is a unitary
matrix Wo € U,, such that the first row and third row of WA; W5 have the
form (0,%,0,...,0) and (0,%,0,x,0,...,0) respectively. Similar patterns hold
for the transposes of the first column and the third column of WiA;Ws.

As n > 2pq, one can repeat this argument pq times. Then the principal
submatrix of the modified matrix A; lying in rows and columns indexed by
1,3,...,2pg — 1 will be 0p4. The result will follow by an inductive argument
similar to that in the proof of Proposition 2.2.

(i) This follows from Theorem 3.1 and (i). |

Theorem 3.3 Suppose A = (A1,...,An) € M*(C). If 1 < 2gr < p < n,
then
AS J(A) S (A o g (YIAY) 1Y € Uy}

P—2qr,q

where Y'AY = (Y'AY,..., YA, Y).

Proof. The proof is similar to Theorem 2.3. However, in this case, the corre-
sponding @ will be a 2¢ X p real matrix in the form

Re (X7y) --- Re(X,y)
Im (X7y) -+ Im (X,;y)

3

and the corresponding W € Py ,_2q C Uy p—24 with QW = 0. The result fol-
lows by similar argument in Theorem 2.3. [ |

Identifying Aqu(A) with Agjq(Sl, cey Sy G, ..o Gy, we can apply the
preceding results to obtain the following.
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Corollary 3.1 Let A = (Ay,...,A,) € M™(C). If n > 22p(1 + 2¢*(2m +

1))q, then

(i) qu(A) is non-empty where p = p(1 + 2¢*(2m + 1)), and

(ii) /lgq(A) is star-shaped and C is a star-center of qu(A) for all C €
conv(/lgq(A)).

4 Infinite dimensional operators

Let B(H) be the set of bounded linear operators on the Hilbert space H over F
(= Ror C). Evidently, when H has finite dimension n, we can identify B(H) as
M, (F). In the following, we always assume that the dimension of H is infinite.

We can extend the definition of symmetric matrices and skew-symmetric
matrices to infinite dimensional operators. In the following, we will obtain
results for infinite dimensional operators as in [13].

First, for every T' € B(H), the transpose operator of T' is the linear operator
Tt : H — H such that (T*x,y) = (T*z,y) for all unit vectors z,y € H. We
may also define the transpose of T using an arbitrary but fixed orthonormal
basis. An operator A € B(H) is symmetric if A = A?; it is skew-symmetric
if A = —A. Every operator can be decomposed into A = S + G, where
S = (A+A")/2is symmetric and G = (A—A") /2 is skew-symmetric. Let Vi (H)
denote the set of operators X : W — H for some k-dimensional subspace W
of H such that X*X = I,y. Then we can define the joint congruence (p, q)-
matricial range of A = (Aq,...,A,;,) € B(H)™ as follows,

Ay (A)={(Bi1,...,Bp) e MJ"(F) : U'A;U = I, ® Bj, U € Vpo(H)}.

For simplicity, we name both A (A) and A5 (A) the joint congruence (p, q)-
matricial range. Furthermore, we may define the joint congruence (oo, q)-

matricial range by
F
- ﬂ Apq(A)
p=1

Firstly, we have the following result which is a consequence of Corollary 2.1
and Corollary 3.1.

Proposition 4.1 Let A = (Ay,..., Ay) € B(H)™. Then Af (A) is always
star-shaped for all positive integers p,q. Moreover, if C € Algqu (A), then C is
a star-center of Agﬂ (A).

Denote by V& (H) the set of operators Y : W — H such that Y*Y = Iy.
where W+ is the orthogonal complement of an k-dimensional subspace W of
H. Moreover define V*(H) = ., Vir (H) and denote by F(H) the set of all
finite rank operators in B(H).

We can then use the techniques of [13] to prove the following.

Theorem 4.1 Let A = (Ay,..., Ay) € B(H)™. Denote by Sy ,(A) the set of
all star-centers of Ay ,(A). Then

= [ 44(A) = ()8 ,(A) (4.2)
p>1 p>1

is a convex set. Moreover, if YIAY = (YIAY,....Y*A,)Y) for Y € V1 (H),

A+F=(A1+F,....An+ F,) forF = (Fy,...,Fy) € F(H)™, and py is
a positive integer, then

= (45, (Y'AY) 1 Y € VE(H)} = ({4}, ,(A+F) : F € F(H)™}.

(4.3)
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A key observation is that the set of star-centers qu(A) is always convex,
and therefore ﬂpzngq(A) is a convex set. It is not hard to see that

M 45.4(A) € [ S5.4(A) € [ 45,4(A).

p>1 p>1 p>1

One can then get the convexity and the set equality (4.2). The equality (4.3)
can be established by the following lemma.

Lemma 4.1 Let A = (Ay,...,An) € B(H)™. Then the following hold.
(1) Nyeyr Ap ,(YIAY) CNyepr AT, (YIAY) C AT (YTAY).
(ii) For every F € F(H)™, there is a Y € V=(H) such that A (Y'AY) C
AE (A +F).
(iii) For every Y € V*(H), there is an F € F(H)™ such that A} (A +F) C
AE (VAY).

Proof. We may assume without loss of generality that Aj, ..., A,, are either
symmetric or skew-symmetric operators.

(i) The first inclusion is obvious. Now given that C = (C1,...,Cp,) €
Nyeye AT (YTAY), we claim that there exists an infinite sequence of oper-
ators {X,}°2; C V,(H) with X, : H, — H for some g-dimensional subspace
H, of H such that for r # s, H, and H, are orthogonal and

04 r#s, 0y 1 #s.

Once the claim holds, since {H,}52, is an infinite sequence of mutually or-
thogonal g-dimensional subspaces of H, one can extend &2 X, to a unitary
operator U : H — H such that Uly,. = X, for all r. Then the operator matrix
of UtAjU with respect to the decomposition H = H1 ® Ha D Hs D --- has the
form

I, r= C; r=
X:st{q "% and XﬁAjXSZ{J e

C.
0
0

<

0 ---
0 ---
C. -

Qo

T

Thus, C € AEO}q(A). Now it remains to prove the claim, which will be done
by induction.

Assume C = (C4, ...,Cp) € Nyepr AT ,(Y'AY). Then C = (C4, ...,Cr) €
A7 (A) and there exists X1 € V() such that X; : Hy — H with X{X; =
Iy, for some g-dimensional subspace H; of H so that X{A;X; = C; for
j=1,...,m. The claim holds for {X;}.

Assume the operators { X7, ..., X, } already satisfy the claim. Then H,. and
Hs are orthogonal for all 1 <r < s < n. Since XX, =0, for 1 <r < s < n,
X, (H,) is orthogonal to X,.(H) for r # s. Then one can extend X; ®---® X,
to a unitary operator U : H — H such that Uly, = X, for 1 < r < n,
and the operator matrix of U*A;U with respect to the decomposition H =

(@®r_, H,) ® (B'_, H,)" has the form
|:In & Cj *:|

* |
Let £ be the subspace spanned by
{(@?:17-[7”) ’ UtAlU (GB:}:IHT) [ UtAmU (@?:17-[?”)} .
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Then £ has dimension at most gn(m +1). Take Y = U| ;1. Then Y € V- (H).
By the above assumption, we have C € A} (Y'AY) and there exists X :
Hpy1 — L with X*X = I, . for some ¢g-dimensional subspace H,, 41 of £
such that

n41
Xt(YtAjY)X:Cj, ]:1,7m

Let Xy41 =YX : Hyyg — H. Clearly, Xt Xpq1 = [y and X| 1 A; Xy =
Cjforall j=1,...,m. Now fix 1 <r <n. Forevery u € Hpy1 andv € H, C
L, Xu € L' and U'A;Uv € L. Then

(u, Xpy 11 X00) = (Xpp1u, Xpv) = (YXu,Uv) = (UXu,Uv) = (Xu,v) =0

and

(u, X} 1 AjXov) = (Xpgu, A; X 0) = (Y Xu, A;Uv) = (Xu, U A;Uv) = 0.

Thus, X, X, =0 and XleAjXT =0foralll<j<mand1l<r<n.As
A; is symmetric or skew-symmetric, we have X A4;X, 1 =0foralll1 <j<m
and 1 < r < n. Thus, the operators {Xi,...,X,11} satisfy the claim. By
induction, the claim holds.

(ii) For every F € F(H)™, there exists Y € V* such that Y'FY = 0 =
(0,...,0). Then

F F F
Ay (YPAY) = A0 (Y'(A+F)Y)C A (A+F).

(iii) Suppose Y € Vit for some 7. Then Y : £L{ — H is such that Y*Y = Ty

for some r-dimensional subspace £; of H. Since Li is infinite dimensional, by
Proposition 4.1, quJ(YtAY) is non-empty. Pick (b1, ...,bp) € qu)l(YtAY).
Then there exist a pg-dimensional subspace H; of £ and X : H; — L{ with
X*X = Iy, such that X*(Y'A;Y)X = b;I,, for j = 1,...,m. Extend the
operator YX : H; — H to a unitary operator U : H — H so that Uly, =Y X.
Let L5 be the subspace spanned by

{L1, H1, U A U(H), ..., U AU (H1)}

Then L5 has dimension at most pgm + r. Set W = U|Lz+. Then the operator

matrix of U'A;U with respect to the decomposition H = K1 &Ly (K10 Ls )+
has the form
bj I?-ll 0 *

* * *

Let B; be the operator such that the operator matrix of U*B;U with respect
to the same decomposition H = H; ® L3 @ (H1 © L3)* has the form

bily, O 0
0 WtAjW 0 and Fj = Bj - Aj.
0 0 bjI(Hl@LZL)L
Notice that H1 & (H1 & L3)+ = Lo is finite dimensional and U*F;U has the
00 =
form [0 0 *|. Thus, F} is a finite rank operator. Now denote F = (F1, ..., F};,)
* ok %

€ F(H)™ and suppose
C=(Cy,....,Cn) €Ay (A+F) =4, (B) =4, ,(U'BU).



Joint matricial range and joint congruence matricial range of operators 11

Then there exists Z : Ho — H with Z*Z = Iy, for some pg-dimensional

subspace Ha of H such that Z"(U'B;U)Z = I, ® C; for j = 1,...,m. Write
Zy

Z = | Zy| according to the same decomposition H = H; ® L3 & (H1 ® L3 ).
Z3

Then

bj - Zi 7y + Z5(W'A;W) Zy + b - ZhZ3 = ZH(U'B;U)Z = I, ® C.

Since dim Hs = pg = dim H1, one can always find an operator Z1: My — Hy

such that 232, = Z:Z, + ZiZs. Define Z : Hy — H1 @ Lo by Z = [?]
2

with respect to the decomposition H; © Ly . Then 7%7 = I3, and hence,
Z € Vpq(H). Furthermore,

7t {bﬂ’éﬂl thxjw] Z=b; 20+ ZLWEAW) 2,
= bj . (ZfZl + ZSZ?,) + Z;(WtAJW)ZQ
=Z'U'B;U)Z =1, ® C;.

Recall that H; C £ and L3 C Li, and hence, H; & L3 C Li. Thus, the

operator b;jly, © WtA W is a compression of Y'A4;Y to Hy & L. Thus,

Ce Ay, (bily, ®W AW, . byly, @W'A,W) C AY (VIAY).

Hence, the proof is complete. |

Proof of Theorem 4.1. By Theorem 2.3, Theorem 3.3, Proposition 4.1
and Lemma 4.1 (i),

A) < m Sg, m Ap7q ) < ﬂ Ago+2pq7q(A)

p>1 p>1 p>1

<N (A5, (YAY) | = ({45, ,(Y'AY) : Y € VE(H)}

p=1 \YEVE(H)
F
C Ay 4(A).
Moreover, by Lemma 4.1 (ii) and (iii), we have

ﬂ{Apo JY'AY) Y e VE(H)} = n{ApO JA+F):FeFH)™}

Note that qu(A) is convex for all positive integer p. Hence, the result follows.
||

Let A = (A41,...,A,) € B(H)™. Define the joint essential congruence
(p, q)-matricial range of A by

ASS(A) = [ {cl(4] (A +F)): F e F(H)"}.
One will see later that F(H) can be replaced by the set of compact operators
C(HM). The set AZ%(A) can be viewed as the “core” of the joint (p, ¢)-matricial

range of A under compact perturbation. The definition is motivated from the
study of the Calkin algebra, see [14,22,24]. We have the following.
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Theorem 4.2 Let A € B(H)™ and q be a positive integer. Then ASS(A) =

A?IS(A) for every positive integer p, and they are compact, conver and equal
to

(S5(A):r=1,2,...} = ﬂ{cl(AIF (A):r=1,2,...}
= (el (45 ,(Y'AY)) : Y € VE(H)},

where qu(A) is the set of all star-centers of cl(Af (A)).

Proof. We first show that for every integers py and p

(el(4], ,(Y'AY)) : Y € VE(H)} C [ [{el(A] ,(Y'AY) : YV € VE(H)}
Cel(Af (A )). (4.4)

The first inclusion is trivial. Let C = (Cy,...,Cp) € ({el(A] ((Y'AY): Y €
L (H)}. Fix a positive integer n. As C € cl(A] (A)), there exists X1 € Vy(H)
such that X; : M1 — H with X;X; = I, so that X{4;X; = B'" and

HB]O) - Cj|l £ 4, =1,..,m. By an inductive argument similar to that in
Lemma 4.1, one can construct two infinite sequences {X,}%°, and {H,}>2,
with X, : H, — H for some g-dimensional subspace H, such that any two
distinct subspaces H,- and Hg are orthogonal,

I — (7”) —
XX, =TT ad xtax, =48 TS i HB(T) o H <
0, 7 ;é s, 0q r#s,

for j = 1,...,m. Take d > (p — 1)(2¢°>m + 1) + 1 and set X = ¢, X,
0\ H, — H. Then X*X = [ya 4 and

. 1
x'4x =BV oB? e 0B ad |B-cl<-
n

for j = 1,...,mand r = 1,...,d. Denote B, = (BY),...,B,(;)) for r =
., d. Identifying B, . .., By as d points in R27°™ then by Tverberg’s The-
orem (see [29]), one can partition {B, : r =1,...,d} into p sets

Blz{BT:reL}, BQZ{BTIT'GIQ}, Bp:{BTITEIp}

such that conv(B;) N --- N conv(B ) £ . Pick C = (C(" Cﬁ,f)) €
conv(By)N---N Conv(B ). Then C(™ € A (®rez,By) for £ = 1 ..,p and
hence,

CM € A7, (DI_y Brez, By) = 47, (B111B;) = 47 ((X'AX) C A7 ((A).
Now as C(n) is a convex combination of B](»T)’s, ||BJ(-T) — G| < % implies
HCJ(n) Cjl < 1. We have C™) € Ay ,(A) and HCJ(-n) - CjH < 1. Therefore,
there exists a sequence {C(™}  C Ag,q( ) converging to C. Hence, C €
cl(A} ,(A)). Note that by Lemma 4.1, we obtain

ASE(A) = (el (45 (A +F)): F e F(H)"}
= (el (45 YtAY)) (Y e VE(H)Y).
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Now by Corollary 3.1 and Corollary 2.1,
m ‘g}j‘,q(A) C n CI(A]EQ(A)) C ﬂ CI(A]E(l—&-QqZ(Zm—i-l)),q(A))

r>1 r>1 r>1
© Yellst, (40 € ()50
r>1 r>1

Moreover, by Theorem 2.3, Theorem 3.3 and (4.4), we have

M) el (A) € AL orgeAN S ()| ) €l ,(V'AY))

r>1 r>1 r>1 \YeVi(H)

= [ cl(4, ,(Y'AY)) : Y € VE(H)} C () el (47 ,(A)).

r>1

S~etting po = p, we have AZ(A) = N,>1cl (A% (A) = Nr>1 S’Eq(A). As
SK q(A) is a compact convex set for all positive integers r, their intersection is
also compact and convex. Thus, A;E(A) is compact and convex.
Note that AS%(A) = MNr>1 S‘Eq (A), which is independent on p. We see that
F _ qeF
Ay (A) = Aiq(A). -
We close the paper with the following result showing that one may define

AZ%(A) using compact operators instead of finite rank operators as commented
before Theorem 4.2.

Theorem 4.3 Let A € B(H)™ and p,q be any positive integers. Then
ASE(A) = [{cl(4] (A+G)): G eC(H)™}.

Proof. Let
= ({el(4] (A + G)): G € C(H)"}.

We first show that Aifg(A) = Sl(A). Evidently, S1(A) C A7 (A) as F(H) C
C(H). We focus on the reverse inclusion. Suppose C = (C4,...,Cy,) € AT IF(A)
We will show that C € cl(A] ,(A + G)) for every G € C(’H)

Suppose G = (G1,...,Gp) € C(H)™. For every given ¢ > 0, there exists
Y € V* such that | Y*G;Y|| < &/2 for all 1 <4 < m. By Theorem 4.2, we can
find X €V, such that ||C; — X'Y*'A;Y X|| < &/2 for all 1 < i < m. Therefore,
[Ci = XY (A; +Gy)YX|| < e forall 1 <i < m. Hence, C € cl(A] ,(A+G)).
As G is arbitrary, we have C € S;(A).

Now let

Sp(A) = ({el(4} (A + G): G € C(H)™}.

Clearly, S,(A) C AS%(A). We consider the reverse inclusion. By Theorem 4.2,
for a fixed G € C(’H)’”

AT (A) = A?E(A) = 51(A) = S1(A+G) =450 (A+G) Ccl(4, (A+G)).
Thus, A% (A) C N{cl(4] (A + G): G e C(H)™} = S,(A). [ |
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