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Abstract

Let H,, be the real linear space of n X n complex Hermitian matrices. The unitary (sim-
ilarity) orbit U(C) of C € H,, is the collection of all matrices unitarily similar to C. We
characterize those C € H,, such that every matrix in the convex hull of U(C') can be written
as the average of two matrices in U(C). The result is used to study spectral properties of
submatrices of matrices in U(C), the convexity of images of U(C) under linear transfor-
mations, and some related questions concerning the joint C-numerical range of Hermitian
matrices. Analogous results on real symmetric matrices are also discussed.
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1 Introduction

Let H, be the real linear space of n X n complex Hermitian matrices and i, the n x n
unitary matrices. The unitary (similarity) orbit U(C) of C € H, is the collection of all
matrices unitarily similar to C, i.e.,

UC)={UCU :U € C™", U € U,}.

Evidently, U#(C) can be viewed as the orbit of C € H,, under the action of the unitary group
U, via similarity, and hence U(C) is a real homogeneous manifold with nice geometrical
property (see e.g. [36]). In fact, U(C) is an interesting geometrical object even under the
usual geometry. For instance, since all the matrices in ¢/(C) has the same Frobenius norm
as C, the set U(C) is part of the boundary of a strictly convex set. As a result, any three
different points in U(C) are not collinear as noted in [35], and every point in ¢(C) is an
extreme point of conv/(C), the convex hull of ¢(C).

Suppose C € H, is not a scalar matrix. Then the affine span of U(C) is the set of
matrices with trace equal to that of C (see e.g., [33]). Hence, convU(C) has (real) affine
dimension n* — 1. It is known that every element in a convex set with (real) affine dimension
n? — 1 can be written as the convex combination of n? extreme points. By a result in [3],
every matrix X in convl/(C) can be written as the average of n matrices in U(C). For
some special C € H,,, the value n can be further reduced. For example, if C is a rank k
orthogonal projection with 1 < k < n, then every matrix X € convl/(C) can be written as
an average of max{k + 1,n — k + 1} matrices in U(C) (see [9, Theorem 3.5]). Such results
have interesting applications including the proofs of many matrix and norm inequalities.

In Section 2, we characterize those matrices C' € H,, with the following special geometrical
feature: every matrix X € convl/(C) can be written as the average of two matrices in U(C).
Recall that U (C) is the set of extreme points of conv(C). In general, we say that a convex
set is mid-point convex if every element in it is the mid-point of two extreme points.
Clearly, every mid-point convex set is a convex set, and singletons are mid-point convex sets.



In RZ, it is not hard to see that a compact convex set S is mid-point convex if and only if every
boundary point of 9 is an extreme point. For higher dimensional linear spaces, characterizing
mid-point convex sets is more difficult. In matrix spaces, an interesting example of mid-point
convex set is the set S of n X n complex matrices with norm at most one; it 1s known that if
X i1s such a matrix and if X = PU for a positive semi-definite matrix P and U € U,,, then
X = (X1 4 X3)/2, where X; = (P +ivI — PY)U and X3 = (P — /I — P2)U are extreme
points of 5.

For convl(C), if n = 2 then every convl(C) is mid-point convex. To see this, observe
that if C has eigenvalues ¢; > ¢, then every X € convU(C) has eigenvalues d; > d such
that ¢; > dy > dy > ¢y and ¢; 4+ ¢; = dj + ds; see Proposition 1.1 below. Thus, there exists
U € U, such that X = U*DU, where D is the diagonal matrix with diagonal entries d; and

dy. Let d = \[(} + 3 — d} — d3) /2,

(i d o (d —d
= (G g)u amd o= (% o

Then Cy,Cy € U(C) and X = (Cy + Cy)/2.
In general, we show in Theorem 2.1 that conv/(C') is mid-point convex if and only if the
eigenvalues of C' form an arithmetic progression, i.e.,

C has eigenvalues a, a + b, ...,a+ (n —1)b, for some a,b € R. (1)

Of course, this includes the trivial case when C is a scalar matrix, equivalently, U#(C) =
convU(C) is a singleton. It is interesting to see that Hermitian matrices C satisfying (1) can
be characterized by the mid-point convexity on conv(C), which is such a simple geometrical
property. On the contrary, there does not seem to be simple algebraic ways to characterize
such matrices.

In Section 3, we study the spectral properties (such as the possible eigenvalues or singular
values) of submatrices of a given matrix in C € H, with prescribed eigenvalues. Such
problems have been studied by other researchers; see [12, 27] and their references. Our
approach is to consider the whole collection of submatrices of matrices in U(C) lying in
certain rows and columns. For example, we consider the set Py(C) of k x k (leading) principal
submatrices of matrices in U (C), where k < n. We give a complete description of P(C) and
conv P,(C). Moreover, we characterize those C € H,, for which Py(C) is convex. Also, we
use the main result (Theorem 2.1) in Section 2 to study the set

P X

Se(C) = {X e Chx(n=h) . (X* 0

> € U(C) for some P € Hy, Q E?‘[n_k}.

It turns out that a complete description of Si(C) is quite intricate!. We obtain complete
description of conv Si(C'), and characterize those C € H,, for which Si(C) is convex. It is
shown in Theorem 3.3 that for a given C' € H,, with eigenvalues ¢; > - -+ > ¢,,, Si(C) is convex
if and only if the sequences (¢1,...,¢,) and (¢u—pt1, ..., ¢,) are arithmetic progressions with

LA complete description of Sg(C) has been obtained in [25] recently.



the same common difference, where p = min{k,n — k}. We note that the study of P(C)
and Si(C) is related to the problem of completing a partial matrix of the form

D 7 7 X
( ? ?) or <X* ? )
to a matrix in U(C).

In Section 4, we study the C-numerical range of A = (A, ..., An) € H™ defined by
Weo(A) = {(tr (A, UCU), ... tr (AUCU)) : U € U},
which can be viewed as the image of 2(C) under the linear map & : H, — R™ defined by
H(X) = (tr AX, ... tr A X).

If C is a rank one orthogonal projection, W (A) reduces to the usual (joint) numerical range
of A = (A4,...,An), which has been studied extensively, see [1, 5, 6, 8, 10, 13, 19, 31]
and their references. We will identify certain classes of A = (Ay,..., A,) so that We(A) is
convex. It will be shown that W¢(A) is convex if and only if Wp(A) C We(A) whenever
D € convU(C). These extend the results of many other authors [1, 13, 15, 24, 26, 30, 37].

In Section 5, we discuss results for symmetric matrices analogous to those on complex
Hermitian matrices in Sections 2 — 4. In particular, using a result of Fulton [14], we can
transfer results on complex Hermitian matrices to real symmetric matrices.

In our discussion, we let {Ey1, E1a,..., E,,} be the standard basis for the algebra of
n X n complex matrices. Denote by A(X) the vector of eigenvalues of X € H,, with entries
arranged in descending order. For C € H,, diag (C) € R"™ denotes the diagonal of C.
If ¢ = (e1,-++, ¢n) € R", then [¢] denotes the diagonal matrix with ¢;,---, ¢, along the
diagonal. Given two vectors = and y in R”, we say that x is weakly majorized by y, denoted
by = <, y, if the sum of the k largest entries of = is not larger than that of yfor k=1,...,n
If in addition that the sum of the entries of x is the same as that of y, we say that z is
magjorized by y, denoted by z < y; see [28] for the general background and basic properties
of majorization. The following result is useful in our discussion.

Proposition 1.1 [17, 29, 30, 32, 34] Let C € H, and dy,...,d, € R. The following condi-

tions are equivalent.

There is a matriz in U(C) with diagonal entries dy,. .., d,.

(a
(

C

)
b) There is a matriz in convU(C) with diagonal entries dy,. .., d,.
) There is a matriz in convU(C) with eigenvalues dy,. .., d,.

)

(
(d) (di,...,dn) < A(C).

Moreover, the set of vectors (dy, ..., dy) satisfying any one (and hence all) of the above condi-
tions is the convex hull of vectors of the form (¢, ..., c¢i,), where (iy,...,1,) is a permutation

of (1,...,n).



Proposition 1.1 has many applications in the study of inequalities and convexity problems.
Note that if C € H,, and A; = Ejj for j € {1,...,n}, then (dy,...,d,) € We(Ay,..., A,) if
and only if dy,...,d, are the diagonal entries of a matrix in 2/(C); so Proposition 1.1 gives
a complete description of W¢(Ay,...,A,). Also, Proposition 1.1 gives the answer to the
problem of completing a partial matrix of the form

d 7 7
T 7
T d,

to a matrix in U(C).

2 convlU(C) with the mid-point convex property

In this section, we characterize those matrices C € H, so that conv/(C) has the mid-
point convex property, i.e., every matrix in conv/(C) can be written as the average of two
matrices in ¢(C). It turns out that these are the same as those C' € H,, satisfying the much
weaker condition that every matrix in conv/(C) can be written as a convex combination
(not necessary the average) of two matrices in ¢(C'), and they are the matrices of form (1).

Theorem 2.1 The following conditions are equivalent for a given C € H,:
(a) convU(C) = {%(Cl +C;):Cy, Cy € U(C)}.
(b) convU(C) = {tC1 + (1 —=t)Cqy: C1, C2 e U(C), 0 <t < 1}.

(¢) C has eigenvalues a,a+b,...,a+ (n — 1)b for some a,b € R, i.e., the eigenvalues of
C form an arithmetic progression.

To prove Theorem 2.1, we need some notations and a recent result concerning the eigenvalues

of XY, Z e H, with X =Y + Z. Let
o= (), () 1< st <1 rdl=sti)

For m > 1, let 7.7 to be the set of (R,S,T), where R = (r1,...,mm), S = (S1,...,8m) and

T = (t1,...,tn) are three subsequences of (1,...,n) satisfying the following conditions:

(1) Xjyrj+m(m+1)/2 =37, (s; + 1;).
(2) For all 1 <k < m and (U, V,W) € T;*, where U = (uy,...,ug), V= (v1,...,vx) and

W = (wy,...,wg) with k& < m, we have

k k
D ru; +k(k41)/2 Z (Su; + tu;)-

=1



With these notations, we can state the following theorem, see [14, 20, 21] and also [7, 11,
16, 18, 38].

Eigenvalue Inequality Theorem The necessary and sufficient condition for the real num-
bers a; > --+ > an, by > -+ > b, and ¢; > -+ > ¢, to be the eigenvalues of three matrices

X Y. Z € H,, such that X =Y + Z 1is:

The following lemma will be useful in the proof of Theorem 2.1 and Corollary 2.3

Lemma 2.2 Letb = (by,...,b,),c= (c1,...,¢,) ER" withby > --- > b, andcy > -+ > ¢p.
If there exist By, By € U([b]) and Cy1,Cy € U([c]) such that

Bi+Ci=rl, and By +Cy=1[bi+c1|® sl

for somer, s € R, then the sequences (by,...,b,) and (¢1,...,¢,) are arithmetic progressions
with the same common difference.

Proof. Since B; + Cy = rl,, we have b; = r — ¢,11—; for 1 < < n, and hence
by —biy1 = Cnei — Cpy1_;for 1 <i<n-—1. (2)

If By4+Cy = [bi+c1]@ s -1, then (see [22, Lemma 4.1]) By = [b1] & Bs and Cy = [¢1] & Cs,
where A(B3) = (by,...,b,) and A(C3) = (ca,...,¢,). Applying the above argument to
sl,_1 = B3 4+ C3, we have

bis1 —biso = Chy — Cppr_; for 1 <i<n—2. (3)

The result now follows from (2) and (3). O

Now, we are ready to present the

Proof of Theorem 2.1. Suppose C € H,, has eigenvalues ¢; > --- > ¢,.
(a) = (b) follows from

{%(01 +C;):C, Cy € Z/{(C)}

{tCi+ (1 —=t)Cy: Cy, C eU(C), 0 <t <1}
convU(C).

N 1M



Now, suppose (b) holds. We may assume that n > 3 and ¢ > ¢,,. Let r = (e14---+¢,)/n
and s = (c;+---+¢,)/(n—1). Then rl,, [¢1]Bsl,_1 € convU(C). So, there exist C; € U(C)
1=1,2,3,4and 0 <¢t; <1, 5 =1, 2 such that

1) tlcl + (1 — tl)CQ = T_[n
11) t203 —|— (1 - t2)04 = [Cl] @ SIn—l = [tzcl] @ (tzS)In_l —|— [(1 - tz)cl] @ (1 — tz)SIn_l

Applying the argument in Lemma 2.2 to i), we have for 1 <:<n —1
tl(C,' — C,’+1) = (]_ — tl)(Cn_,' - Cc+1_i) = tl(Cl - Cn) = (]_ — tl)(Cl - Cn) = tl = 1/2

Similarly, we have t3 = 1/2. Thus Cy 4+ Cy = 2rl,, and Cs + Cy = 2([c1] & s1,—1). Hence, (¢)
follows from Lemma 2.2.
Finally, suppose (c) holds. Replacing C by aC + (I for some suitable o, 3 € R, we

may assume that ¢; = —j for 1 < 5 < n. Let B € conv(C). We may assume that
B = diag (b1, -, b,) such that by > --- > b, and (by,---,b,) < (c1,-+,¢,) = (=1,---,—n).
Let D = diag (dy,---,d,) where d; = 2b; for 1 < j < n. Then (dyi,---,d,) < (=2,---,—2n).

We are going to show that for 1 < k; < --- < k,, <n and 1 < m, we have
dkl—|-"“|‘dkmS_(k1‘|'"'+km+m(m+1)/2)' (4>

Suppose (4) holds. Then for any 1 < i3 < -+ < iy < n, 1 < j; < -+ < Jm < n and
1<k <+ <kp<nsatisfying i+ +im+p+-+im=ki+-+knt+tm(m+1)/2,
we have

iy + - iy, i+t i g

Also, we have >0, d; = —n(n+1) = 23", ¢;. By the Eigenvalue Inequality Theorem, there
exist Cy, Cy € U(C) such that

Given 1 < ky < -+ < kp < n, define kg = 0. We are going to prove (4) by induction on
k,, —m.

If by —m =0, then k; = ¢ for 1 <1 < m. Since (dy,---.,d,) < (—2,---,—2n), we have
di, + -+ di,,
- dl‘l’"'—l'dm
< —(24---+2m)
= —m(m+1)

—(1+---4+m+m(m+1)/2)
—(k1+ -+ km + m(m 4+ 1)/2).

Suppose (3) holds whenever k,, — m < p, where p > 0. Let 1 <k < -+ <k, <nbea

sequence such that k,, — m = p. Choose the largest : such that k;_; +1 < k;. Let r = m — .
Then

kH_]‘:j—I-k,', jzl,...,r. (5)



Note that the sequence (ki,...,k;—1) has k;_; terms and
kii1—1—1<ki—1=k,—m=np.
By induction assumption, we have
diy + -+ dey, < —(kv 4+ kiog+i(i—1)/2)

Also, the sequence (kiy, ..., ki—1,ki—1,k;, ..., ky) has (m+1) terms, and k,, —(m+1) = p—1.
By induction assumption, we have

dyy + -+ dp_y +dp +di + -0+ dyy,
< —(ki4thkia+ (kD4 kit 4k (m+1)(m+2)/2).

Hence,
(r+2)(de, + -+ diy + i+ + dg,,)
< (r4+U)(dey + - Fdi, Fdro Fdy o A dyy,) (e - dry)
< —(r+ Dk + ki (k=) + R4k + (m+1)(m+2)/2)
—(ky 4 Rk +i(1 —1)/2)
= —(r+2)(ki -+ kn+mim+1)/2) = (r+ (ki = 1) + (m + 1)]
(it oootm)+ (ki k)
(Do + i (4 1)/2),
where the last equality follows from (5). The proof is complete. O

By private communication, O. Azenhas informed us that part of the proof of Theorem
2.1 can be done using the idea in [2] and some combinatorial arguments involving the ma-
nipulation of Young diagrams.

By Theorem 2.1 and the Eigenvalue Inequality Theorem, we have the following corollary.

Corollary 2.3 Let b= (by,...,b,),c=(¢1,...,¢cn) € R" withby > --- > b, and ¢; > --- >
¢n. The following conditions are equivalent.

(a) The sequences (by,...,b,) and (c1,...,¢,) are arithmetic progressions with the same
common difference.

(b) U([b])+U([c])) ={B+C :BelU(lp]),C €U([c])} is convez.

(c) Whenever A € H, satisfies A\(A) < b+ ¢, there exist B € U([b]), C € U([c]) such that
A=B+C.



Proof. Let A= {A € H, : MA) < b+ c}. Suppose B € U([b]), C € U([c¢]). Then there
exists U € U, such that U(B + C)U* = [A\(B + C)]. So, by Proposition 1.1, we have

AMB+C)=diagUBU" + diagUCU* < b+ c.
Hence, one can use the fact that
U([o]) + U(lc]) € A = conv (U([b + ¢])) C conv (U([b]) + U([c]))
to conclude that
U([o]) + U(le]) € A = conv (U([b]) + U([c])).

Therefore, (b) and (c) are equivalent.
Let v = (1,...,1) € R". If (a) holds, then the sequence a = b — b,v = ¢ — ¢,v is in
arithmetic progression. By Theorem 2.1, we have

U([pl) + U(le) = [a+bv])(+ ([a + cav])

U
(U(l D+Ula]) + (bn + ea) I

2 |S@([a]) + U([a]))] + (ba + ),
= 2conv (U([a])) + (b + )

is convex. This proves (a) = (b).
Conversely, suppose (b) holds. Let

:(bl‘l'cl‘l’""l’bn—l'cn)’ (bt tba) L, (et t )
n (n—1) (n—1)

Then r1,, ([b1] @ slh-1+[c1] Btl—1) € conv (U([b])+U([c])) = U([b]) +U([c]) and (a) follows

from Lemma 2.2. O

3 Submatrices of matrices in U (C)

We begin with the study of the set P,(C) of k x k (leading) principal submatrices of matrices
in U(C).

Theorem 3.1 Let 1 < k < n. Suppose C € H,, have eigenvalues ¢, > -+ > ¢,, and Pp(C)
be the set of k x k (leading) principal submatrices of matrices in U(C). Let D € Hy have
eigenvalues dy > -+ > dy. Then

(a) D € Pe(C) if and only if
Cnkty < dj < ¢, 1<y <k
(b) D € conv Py(C) if and only if there is a matriz D € conv Py(C) with diagonal entries
dy,...,dy, equivalently,
cn‘l’"'—"cn—m—l—lSdil—l'""l’dimgcl—l'"'—l'cm (6)

whenever 1 <m <k andl <y <+ <1, <k;

8



(¢) D is an extreme point of conv Py(C) if and only if

(diy..ydr) = (C1ye vy CpyCrogity ey Cn)
for some 0 < p,q <k such that p+q=Fk.

Consequently, the set of k X k principal submatrices of matrices in U(C) is convez if and
only if ¢; = ¢ and c,_ry1 = ¢, in such case,

conv Pr(C) = {P € Hy : P has eigenvalues in the interval [c,, c1]}.

Proof. Part (a) follows from the result in [12].
To prove (b), note that by Proposition 1.1, D € conv P,(C) has eigenvalues d, ..., dy

if and only if there is a matrix D € conv Py(C) with diagonal entries dy,...,dy. By the
arguments in the proof of [4, Theorem 2.4], these equivalent conditions hold if and only if
(6) holds whenever 1 <m <kand1 < <+ <i, <k

To prove (c), note that if (6) holds whenever 1 <m < kand 1 <i; < -+ < i, <k, then

for dep1 =+ =dn = (X1 ¢;) — (X5, d;)]/(n — k) we have
(dl,...,dn) ~< (cl,...,cn),

see the proof of [4, Theorem 2.4]. By Proposition 1.1, (di,...,d,) is a convex combination of
the vectors of the form (¢;,, ..., ¢, ), where (i1,...,4,) is a permutation of (1,...,n). Hence,
the k x k diagonal matrix [(dy,...,dx)] is a convex combination of the diagonal matrices of
the form [(¢;,, ..., ¢, )]. Thus, every matrix D € H;, with eigenvalues dy, ..., dy is a convex
combination of matrices in Hj; with eigenvalues ¢; ,....¢;,. Hence, if Cy is an extreme
point of conv Py(C), then Cy has eigenvalues ¢;,, ..., ¢, , where {i1,...,1;} is a k-element
subset of {1,...,n}. To complete our proof, we show that {c,...,¢;, } must be of the
form {c1,...,¢p, Cngi1,--.,Cn} for some p,q > 0 with p+ ¢ = n. If it is not true and if
i1, ..., are rearranged so that 1 <y < -+ <1 < n, then there exists r such that ¢, > ¢;,
and (¢, ...,¢,) # (Caktry.--ycn). Thus r ¢ {i1,..., 1} and there exists s > i, so that
s ¢ {ir,...,1x} and ¢;, > ¢,. But then we may obtain C; (respectively, C3) from Cy by
replacing the diagonal entry ¢; by ¢, (respectively, ¢;) so that Cy is a convex combination
of the matrices Cy and Cy, contradicting the fact that Cy is an extreme point. O

Next, we turn to the set

P X

Si(C) = {X c Ckx(n=k) . <X* Q) € U(C) for some P € Hy, Q€ ’Hn_k}

P X\. . . Q X
P Q) is permutationally similar to <X P ), we see that

Sk(C) = {X* X € Sn_k(C)}

for a given C € H,,. Since <

Thus, we can focus on the cases for 1 < k < n/2. This assumption and the notation Si(C)
will be used throughout this section, and the vector of singular values of X € Si(C) will be
denoted by

s(X)=(s1,...,8), with s3>+ > sp.



Proposition 3.2 Suppose C € H,, has eigenvalues ¢; > -+ > ¢, and 1 <k < n/2.

(a) X € Si(C) if and only if UXV € Si(C) for any unitary matrices U and V' of sizes k
and (n — k) respectively.

(b) X € conv Si(C) if and only if
S(X) < (€1 = Cny €2 — Cnty -+ Ch — Camip1)/2. (7)
(¢) X is an estreme point of conv Si(C) if and only if
S(X) = (1 = -y Ok — Cros1 )/ 2. (8)

Proof. (a) Suppose X is the (1,2) block of Cy € U(C). Then UXV is the off-diagonal block
of C; = (U V*)Co(U* & V) € U(C). The converse can be proved similarly.

To prove (b) and (c), let T be the set of & X (n — k) matrices X satisfying (8). By the
result in [34], conv T is the collection of k X (n — k) matrices X satisfying (7). Thus, condition
(b) can be restated as conv Si(C) = conv T.

We claim that T C Si(C). To see this, let P = diag (¢1 4 ¢nyca+ Cnoty- vy G+ Cnokt1)/2,
Q = P & diag (¢g41,---,Cnk), and X be the k x (n — k) matrix with (7, ) entry equal to
(¢j — cn—jy1)/2 for y =1,... k. Then

Co = (; g) e u(0).

By condition (a), we see that for every unitary matrix U and V of sizes k and (n — k)
respectively, UXV belongs to Sx(C). Thus, T C Si(C).
By the result in [23], we have Si(C) C conv T. Hence,

T C Si(C) C convT,

and T contains all the extreme points of conv S,(C). Since every elements in T has the same
Frobenius norm, none of X € T is the convex combination of other elements in T'. So, T is
the set of extreme points of conv 7. a

In general, it is difficult to give a complete description of Si(C) except for special C
or special values of k. For example, if & = 1, then X € S;(C) if and only if s;(X) <
(M(C) — Xa(C))/2; if C is a rank p orthogonal projection, then X € Si(C) if and only
if 51(X) < 1/2 and rank (X) < p. Nonetheless, we have the following characterization of
C € H, for which S,(C) is convex.

Theorem 3.3 Suppose C = diag (c1,---, ¢,) with ¢; > -+ > ¢,, and 1 < k < n/2. The
following conditions are equivalent.

(a) Sk(C) is convez, i.e.,
Sk(C)={X € Ckx(n—k) . $(X) <w (c1 —Cpye ooy b — Cnokt1)/2}

10



(b) The sequences (c1,---, cx) and (Cp—kt1,- -+, Cu) are arithmetic progressions with the
same common difference.

The proof of Theorem 3.3 is divided into several lemmas. In the rest of this section, we
always assume that &, C and Si(C) = S (for simplicity) satisfy the hypotheses of Theorem
3.3.

The next two lemmas deal with the implication (a) = (b) in Theorem 3.3.

Lemma 3.4 Let h be a positive integer such that h < n /2, and let s = Y1 (¢i—ca_iz1)/(2h).
Suppose there is an X = (1,) € S such that x11 = -+ = xpp = s and xpy = 0 for all other
(p,q). Then

€l — Cpehgl = €3 — Cp_pq2 = "+ = Choq — Cp—q = Ch — Cp = 25.
P, X

X* Qo
the lemma. Then the 2h x 2h principal submatrix of Cy lying in the rows and columns with

indices 1,...,h,k+1,...,k + h, is of the form ( P SIh) . Since
sl @

Co = L\/_<Ih —I}-;h> (th SIh>7_< _Ih)
1 (P+Q+2] P—
- §< P-Q P+ 2[)’

the matrix Cy is unitarily similar to a matrix of the form <(io :) € U(C). Suppose

Proof. Suppose Cy = ( ) € U(C), where X = (zp,) € S satisfies the hypothesis of

(P4 @Q)/2 has eigenvalues v; > -+ > . Then (P + Q +2sI)/2 and (P + Q — 2sI)/2 have
eigenvalues y1+s > -+ > yp,+sand y; —s > -+ >y, —s, respectively. Since (P+Q+2s1)/2
and (P + Q — 2sI)/2 are principal submatrices of a matrix in U (C), we have

Cnojt1 < Yh—jp1 —s and v, +s<¢, j=1,...,h, (9)

by Theorem 3.1. Thus,

deg—cnjp) =2hs = (vi+s) =D (vi—5) <D (¢ — Cajp)-

J=1 J=1 J=1 J=1

It follows that the inequalities in (9) are equalities. Hence (¢1,...,¢h) = (14 8,..., 9 + 5),
(Cneht1ye-yCn) = (11— 8,..., v — 8), and the result follows. O

Lemma 3.5 The implication (a) = (b) in Theorem 3.3 holds.
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Proof. Suppose Condition (a) of Theorem 3.3 holds. Condition (b) is trivial if £ = 1. We
therefore assume that & > 2. Let h = k — 1 or k. Set s; = (¢; — ¢u_jp1)/2 for 1 < 5 < h,

and s = (Z?:l sj)/h. By Condition (a) of Theorem 3.3, the k x (n — k) matrix X with (p, q)

entry equal to

. _{5 ifl1<p=gq<h,
P10 otherwise,

belongs to S. By Lemma 3.4, we have
Cl = Cp—h41 = C —Cp_phy2 = " = Ch_1 —Cph_1 = Ch — Cp.
For h = k, we have
C; — Cjy1 = Cn—k+j5 — Cn—k4j5+1, ] = 1, e ,k — 1. (10)

For h = k — 1, we have

C; — Cjy1 = Cn—k4j541 — Cn—k+j5+2> ] = 1,...,[4?—2. (11)
As a result,
Cr—k+j = Cn—k+j+l = Cn—ktj+l — Cn—ktji2, J = 1,..., k=2,
and hence ¢,_gy1,...,¢, 1s in arithmetic progression. By (10), we see that ¢y, ..., ¢ is also
in arithmetic progression with the same common difference. O

The next three lemmas deal with the implication (b) = (a) of Theorem 3.3. We first use
Theorem 2.1 to prove a special case of the implication in the following lemma.

Lemma 3.6 Suppose n = 2k, and Condition (b) of Theorem 3.3 holds. Ift € [0,1] and
D € H, with \(D) < t(¢1 — ¢ak, -+ Ck — Cht1)/2, then D € S.

Proof. Without loss of generality, we may assume that ¢; > --- > ¢ > 0 and cyp_iq1 =
—¢; for 1 < ¢ < k. Then (¢4 — copy--+y &k — Ck41)/2 = (c1,-++, cx). Suppose A(D) =
(dv,---,dr) < tler, -+, k). Let A =diag(cr,---, ¢). Suppose 0 < ¢ < 1. By Proposition
1.1, D € convU(tA). Since (¢, -, ¢) is an arithmetic progression, by Theorem 2.1, there
exists Ay, Ay € U(A) such that D = t(A; + Ay)/2. Let C = diag(ey, -+, car). Then
A & (—Ay) €eU(C). We have

L(Ik Ik><A1 Ok) 1 (Ik Ik)_l<A1_A2 A+ Ay
2

2\ —L)\0x —A) A\ —I A +A A - A

Choose 0 < 8 < 7/4 such that cos 26 = t. Then

) eU(0).

1 ( cos 01}, sin91k> (Al—Az A1+A2> (cos@[k —sin91k>

2\ —sinfl, cosblI; A +A4, A — A, sinfl; cos8lI
D (Al —Ag)/Q—SIHQH(Al —|—A2)/2 '
Hence, D € S. O

12



Lemma 3.7 Suppose ¢; > -+ > ¢, > 0, dy > -+ > dp >0 andd = (dy,---,di) <uw
(c1,+++, cx) = c. Then we can write d = (dy,---,d;), ¢ = (1, -+, ¢), with di, ¢; € R¥,
i ki =k and di < ticq for somet; € [0,1], 1 < <r.

Proof. We prove the lemma by induction on k. The result clearly holds for & = 1. Since
(di,--,d) <w (€1, -+, cx), we have

J J
ZdiSZci for1 <j<k. (12)
=1 =1

If the equality sign holds for some 1 < 57 < k, then the result follows. So, we may assume
that

J J
Edi<Zci for 1 <y <k.
=1 =1

So for some 0 <t < 1, we have

J J
d; < te; tor1 <y <k,
> di<)

with equality holds for at least one 7 and the result follows. O
We complete the proof of Theorem 3.3 with the following lemma.

Lemma 3.8 The implication (b) = (a) in Theorem 3.3 holds.

Proof. Suppose Condition (b) of Theorem 3.3 holds. By the result in [23], if X € S, then
(7) holds. We have to prove the converse.

First consider the case when n = 2k. Without loss of generality, we may assume that
¢g > - >cp > 0and eyp_jy1 = —¢; for 1 < j < k. Then (¢1 — copy--+, &k — Ch1)/2 =
(¢1,--+, k). By Proposition 3.2 (a), we may assume that X = diag(di,---,dx), where
s(X) = (di,...,dr). By Lemma 3.7, we can write d = (dy,---,d;), ¢ = (¢q1,- -+, ¢,), with
di, c; € RN Y k; = kand d; < t;c; for some 0 <t; < 1,1 <7 <r. Let D; = diag (d;).
By Lemma 3.6, for each 1 <1 < r we have X;, Y; € Hy, such that

(Xl D1>@@<Xr -Dr>
D, Y D, Y.

has eigenvalues ¢, - - -, cop.

Finally, suppose n > 2k. Again, by Proposition 3.2 (a), we may assume that X is an
kE x (n — k) matrix with (7, 7) entry equal to d; for j = 1,... k, and all other entries equal
to zero. One can then use the construction in the previous case to obtain a matrix

: P X
C = <X* Q) E sz,

where X = diag (dy,...,dy), with eigenvalues ¢; > -+ > ¢ and ¢, > -+ > ¢,. Then the
matrix C & diag (Ckt1, -, Cnk) € U(C) will have X as the off-diagonal block. O

13



4 The C-numerical Ranges

In this section, we use the results in the previous sections to study the convexity of the
C-numerical range of A = (A4y,...,An) € H and some related problems. We begin with
the following observation, which is easy to verify.

Proposition 4.1 Let C € H,, and A= (A1,..., An) € H™.
(a) We(A) = We(VFAV, ..., V*A,V) for any unitary V.
(b) We(A) is convex if and only if We (I, Ay, ..., Ay) is conver.

(c) Suppose We(A) is conver and Bj € span{l, Ay,...,An,} for 1 < 5 < s. Then
We(By, ..., By) is conver.

In general, for n > 3, the convexity of W (A) for arbitrary C € H,, and A € H" is
only guaranteed when m = 3, as shown in [1]. In particular, there exists A € H? such that
We(A) is not convex if C is a rank one orthogonal projection. In [24], it was shown that if C
is a rank k orthogonal projection, then for any A;, Ay, A3 € H,, such that {I, A;, Ay, Az} is
linearly independent, one can always find an Ay € H, so that W (A, ..., A4) is not convex.
We can extend the result to general C € H,. Note that for n = 2, it is known (see e.g.
[26]) that W¢(A) is convex for A = (Ay,...,An) € H? if and only if the linear span of
{I,Ay,..., A} has dimension not larger than 3. We shall focus on the case when n > 3.

Theorem 4.2 Letn > 3 and let C € H,, be nonscalar. If Ay, Ay, A3 € H,, are such that
{I, A, Ay, As} is linearly independent, then there exists Ay such that We (A, ..., As) is not

CONveET.

Proof. Suppose C = diag (¢1,...,¢,) with ¢; > -+ > ¢,. Let k be the largest integer such
that ¢x > cpy1. Since we assume that C is nonscalar, we have k < n. Furthermore, since
We(A) is convex if and only if Wp(A) if convex for D = C — ¢x411, we may assume that
Chp1 =+ =c¢ = 0.

Suppose Ay, Ay, A3 € H,, are such that {I, A;, Ay, A3} is linearly independent. By [24,
Theorem 4.1], there exists X € C™*? such that X*X = I, and {I,, X* A X, X* A, X, X* A3 X}
is a basis for Hy. Let U be a unitary matrix so that the columns of X are the kth and (k+41)st
columns of U. Define Ay = U(diag (k,k—1,...,2) S I, ® 0,,_x—1)U*. We are going to prove
that We(Aq, ..., Ay) is not convex.

By Proposition 4.1, W( Ay, ..., Ay) = W(U AU, ..., U*A4U). Let A[k, k+ 1] denote the
2 x 2 principal submatrix of A € H,, lying in the kth and (k + 1)st rows and columns. Then
{U*A;U[k,k+1] : 1 < j < 4} is a basis for ‘Hy by our construction. Taking a suitable

linear combinations of the matrices U* AU, ..., U*A4U, we can get 4211, 1212, 1213 € H, so that

Ajlk,k+1] = B, for j =1,2,3, where
10 0 1 0
Bl_(@ —1>’BQ_<1 0)’33_(—z' 0)’
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and Ay, = U*AU = diag (k,k —1,...,2) & I, & 0,,_—1. Let A= (Al,...,A4). We claim
that the set W (A ) N{(a1,az,as,a):ar,az,as € R} is not convex, where

a=kei+ (k—1)ea+ -+ 2¢,-1 + .

If this claim is proved, then we see that W(A) is not convex and neither is W(Ay,..., As)
by Proposition 4.1.
To prove our claim, recall that C = diag (¢1,...,¢,) with ¢; > -+ > ¢ > 0 = ¢pq1 =

. = ¢, by our assumption. Suppose V is unitary so that tr CV*A;V = a. Let di,. . ., diy1
be the first k + 1 diagonal entries of VCV™*. Since (dy,...,dg+1) <w (€1,- .., Ckt1), we have

a = kdi+ (k—1)dy+ -+ 2dg—1 + dp + dr41

di + (di + da) + (z_: ) + (%dj)

1

< a+ (61 + Cz (Z C]) + (’i‘f Cj)

= «Q.

Thus, 72, d; = X7, ¢j for m = 1,....k — 1, and for m = k + 1. By [22, Lemma 4.1],
VCV* = diag (¢1,...,¢ck—1) & P & 0,_g—1 for a rank one orthogonal projection P € Hs.
Hence, for j =1,2,3, if Aj = (a¥)) and o; = %21 ¢,al9), then

Prq EX
tr CV*AJV = tr VCV*A] = Oy + thI‘ PB]
It follows that

WC(A) N{(a1,az,as,a) : a1, aq,a3 € R}

{(a1, a2, a3, ) + c(tr PBy,tr PBy,tr PB3,0) : P = vv*, v € C?, v*v = 1}
= {(a1,aq,a3,a) + cx(v*Byv,v*Byv, v*Bsv,0) : v € C?, v*v = 1}
= {(ay,ay,as,a) + cp(by, by, b3,0) : b} + b3 + b3 = 1},

which is not convex as desired. O

Despite the negative result in Theorem 4.2, there has been considerable interest in study-
ing those A € H? so that W (A) is convex for a given C' € H,,. In fact, the convexity of
We(A) is equivalent to several other properties of A € H* pursued by researchers in other
areas (see [1, 13, 15, 24, 26] and their references). We summarize them in the following
proposition.

Proposition 4.3 Let C € H, have eigenvalues ¢; > -+ > ¢,. Suppose A = (Aq,...,Am) €
H™. The following conditions are equivalent.

(a) The set Wg(A) is convez.
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(b) If ¢ : H,, — R™ is defined by &(X) = (tr A1 X, ..., tr A, X) then ¢(U(C)) is conve.
(c) For any D € H,, with A(D) < A(C), the inclusion relation Wp(A) C W¢(A) holds.

(d) For any D € H,, with A\(D) < A(C), there exists Co € U(C) such that tr CoA; = tr DA;
forallj=1,...,m.

Now, we can apply the results in the previous sections to get information about the
convexity of W¢(A), and hence for other equivalent conditions in Proposition 4.3. First of
all, using Theorem 3.3, we have the following.

Proposition 4.4 Suppose 1 < k < n/2. Let C € H, have eigenvalues ¢; > -+ > ¢, be
such that the sequences (¢1,---, cg) and (Co—g41,- -, Ca) are arithmetic progressions with the
same common difference. Suppose A= (Ay,..., An) € HP is such that

0 Y; .
Aj:Oéj.[‘I‘(Yl; 0jk>’ 7=1...,m.
J n-

Then Conditions (a) — (d) of Proposition 4.3 hold.

Proof. It suffices to prove one of the conditions in Proposition 4.3 holds. We consider
Condition (b) and define the linear transformation ¢ : H, — R™ by

O(Z)=(tr A1 Z,... it AnZ).

Then ¢(U(C)) = qb(g) + (tr C)(en,. .., o) with

s={(% 1) wes),

where Si(C) is defined as in Theorem 3.3. By the assumption on C and Theorem 3.3, the

set S is convex. Hence HUC)) = ¢(S) + (tr C)(a, ..., ) is convex. O

Similarly, by the convexity result on the set of leading k x k principal submatrices of
matrices in U(C) (see [27] and Proposition 3.1), we have the following.

Proposition 4.5 Let 1 < k < n and let C have eigenvalues ¢; > --- > ¢, such that ¢; = ¢,
and Cn_g41 = Cn. Suppose A= (Aq,..., An) € HI is such that

A]‘:OéjI—I-(P]‘@On_k), jzl,...,m.
Then Conditions (a) — (d) of Proposition 4.3 hold.

Note that by Proposition 1.1, the set of vectors of diagonal entries of matrices in U(C)
is convex. We have the following consequence.

Proposition 4.6 Let C € H, and A = (Ay,...,A,) € H™ be an m-tuple of diagonal
matrices. Then Conditions (a) — (d) of Proposition 4.3 hold.
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By Theorem 4.2, if C € H,, is non-scalar, then there exists A € H} so that W (A) is not
convex. In Proposition 4.6, we can find A € H with linearly independent components so
that W (A) is convex for any C € H,,. In Propositions 4.4 and 4.5, we can find A € H] with
m = k(n—Fk)+1 and k?+ 1, respectively, so that A has linearly independent components and
We(A) is convex for some special choices of C € H,,. It is of interest to determine whether
we can add more linearly independent components to those A € H" and still get a convex
We(A). Using the idea in the proof of [24, Theorem 2.3], we can show that if C € H,, has
distinct eigenvalues v, > - -+ > 4, with multiplicities nq, ..., ng, respectively, then the (real)
homogeneous manifold #(C') has dimension

r=n’—(n{ 4+ -+ ng);
and if {Ay,..., A} C H, is linearly independent such that W (A, ..., A,,) is convex, then
m<r+1.

If C is a rank k orthogonal projection with & < n/2, then one can actually have linearly
independent Ay, ..., A, € H, with m = r+1 such that W (A4, ..., An) is convex (see [24]).
Nevertheless, it 1s unknown whether the bound can be improved for other cases. In general,
for a given C' € H,,, it is interesting to determine the size of a maximal linearly independent

set {A1,...,An} C H, so that We(Ay,. .., An) is convex.

Even if W¢(A) is not convex, there are motivations from applications (see [13, 31]) to
study the minimum number p such that every v € conv Wg(A) C R™ can be written as
the convex combination of p elements in W (A). Let us regard We(A) as ¢(U(C)) for a
linear map ¢ : H,, — R™. Using the results in [3] and Theorem 2.1, we have the following
proposition.

Proposition 4.7 Suppose C € H, and A € H?. Then every point in conv We(A) can
be written as the average of at most p elements in We(A), where p = min{n,m + 1}.
If C is a rank k orthogonal projection with 1 < k < n, then p = min{q,m + 1} with
g=max{k+1,n —k+1}. If C satisfies any one (and hence all) of Conditions (a) — (c) in
Theorem 2.1, then p = 2.

5 Results on real symmetric matrices

The problems considered in the previous sections admit formulations for real symmetric
matrices with U(C') replaced by O(C), the set of real symmetric matrices having the same
eigenvalues as C. In fact, one often deals with real symmetric matrices instead of complex
Hermitian matrices in problems arising in applications. For instance, in the computation of
structured singular values that motivates the study of the convexity of W (A), the matrices
C, Ay, ..., A, under consideration are often real (see [10, 13]). Actually, in this case, one
would consider

WE(Ar, .., An) = {tr 4, X,.. ., tr 4, X) : X € O(C)}.
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In the following, we discuss results on real matrices analogous to those on complex Her-
mitian matrices in the previous sections. First, we present the following result of Fulton
[14, Theorem 20] that allows us to “transfer” results on complex Hermitian matrices to real
symmetric matrices.

Proposition 5.1 Let C be a nonscalar n X n real symmetric matriz. If there exist complex
Hermatian matrices Xy, -+, X,, such that C = X1 +---+X,,, then there exist real symmetric
matrices Y1,..., Y, sothat C =Y+ -+ Y, and Y; € U(X) for each j =1,....m.

Note that every matrix X € conv O(C) can be written as the average of n complex
Hermitian matrices (see [3]). By Proposition 5.1, we have the following corollary.

Corollary 5.2 Let C be an n X n nonscalar real symmetric matriz. Then every X €
conv O(C) can be written as the average of n matrices in O(C).

In general, it is not hard to write a matrix in conv O(C) as the convexr combination of
n matrices in O(C). In fact, for any X = Q'DQ € conv O(C), where D is diagonal and
@ is orthogonal, the vector of diagonal entries of D is majorized by (¢1,...,¢,). Thus (see
e.g. [28]), D can be written as a convex combination of diagonal matrices in O(C). Since
the diagonal matrices in O(C) have the same trace, the affine dimension of their convex hull
is n — 1. Hence, D (respectively, @*D@) is a convex combination of n diagonal matrices
Ci,...,C, (respectively, Q'C1Q, ..., Q'C,Q) in O(C). Also, it is easy to write a matrix in
conv O(C) as the average of 2"~! matrices in O(C) (see e.g. [3]). However, there does not
seem to be an easy way to write a real symmetric matrix in conv O(C) as the average of n
matrices in O(C). It would be nice to find such a construction.

Next, we turn to the results in Sections 2 — 4. The results in Sections 2 and 3 are valid
for the real symmetric case. One can use our proofs together with Proposition 5.1 and the
real symmetric version of the Eigenvalue Inequality Theorem in [14, Theorem 3|. For those
results in Section 4, some modifications are needed. First, the real symmetric version of
Proposition 4.1 is valid for WE(A); of course, we require V to be orthogonal in Condition
(a). The real symmetric version of Theorem 4.2 is:

Theorem 5.3 Suppose C is an n X n real symmetric matriz, where n > 3. Then for any
n X n real symmetric matrices Ay, Ay such that {I, Ay, Ay} is linearly independent, there

exists Az such that WE(A,, Ay, A3) is not convexr.

The proof is similar to that of Theorem 4.2. One needs to restrict the choice of unitary

matrices to real orthogonal matrices, and therefore the matrix A; in the proof will not
appear.

For a given real symmetric C, one can also obtain an upper bound for the size of a linearly
independent set {A;,..., A} of real symmetric matrices such that W (A;,..., A,) (see

[24]). In such case, if C is a real symmetric matrix having distinct eigenvalues v > -+ > 3
with multiplicities nq,. .., ng, respectively, then the (real) homogeneous manifold ¢(C') has
dimension

r={n(n—1) = [ni(n1 = 1) + -+ n(nx — D]}/2;
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and if {A;,..., A} is a linearly independent set of real symmetric matrices such that
WE(A4,...,A,) is convex, then
m <7+ 1.

Finally, Proposition 4.7 is valid for real symmetric matrices with the same proof.

Note that there are other types of joint numerical ranges and matrix completion prob-
lems associated with matrix orbits associated with other group actions (see [24, 26]). Our
techniques can be used to obtain similar results for some of these variations.
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