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Abstract

Let M, (M,,) be the set of n x k (n x n) complex matrices, and per(X) be the permanent
of a square matrix X. We study the three types of generalized numerical ranges associated
with generalized matrix functions

k
I, (A) = {H(V*AV)ii 'V eEM,, VIV = [k} ,
j=1
Di(A) = {det(V*AV) : V € My, V'V = I},
and
Pi(A) ={per(V*AV): V e M, V'V = I;;}.

We give complete descriptions of the set I1o(A), Da(A) and Py(A) for essentially hermitian
matrices A € M,,. In particular, all three sets are star-shaped. For 3 x 3 normal matrices
A, it is known that Dy(A) is convex. We show that II5(A) and P»(A) are star-shaped. This
affirms a conjecture of Nakazato et. al.
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1. Introduction

Let M, , be the set of all m x n complex matrices. When m = n, M, ,, is abbreviated to
M,,. Suppose 1 < k <n and x: H— C is an irreducible character on a subgroup H of the
symmetric group Sy of order k. The generalized matrix function df : M, — C associated
with H and Yy is defined, for B € My, by

Y (B) = Z x(o) H(B>ia(i)‘

ceH i=1
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Here (B);; is the (¢, j)-th entry of B. Marcus and Wang [I7] introduced the decomposable
numerical range of A € M,, associated with df as

WIH(A) = {dI(V*AV) : V € My, V'V = I}

When k = 1, the set W} (A) reduces to the classical numerical range W (A), which has been
studied extensively; see [8], [9, Chapter 1|, and their references.

If H={e} C S is the trivial subgroup and x is the principal character, then df(B) =
[15_.(B):. In this case, we denote W (A) as

k

J=1

Geometric properties of IIx(A) including convexity, star-shapedness and simply connected-
ness were investigated in [2, [14]. In particular, the authors showed that I1;(A) may fail to be
convex when k > 2 and fail to be simply connected when k£ > 3. Characterizations of II;(A)
for essentially hermitian matrices A, i.e., normal matrices whose eigenvalues are collinear in
C, are given in [2 19]. Additionally, the authors in [I9] showed that II;(A) is star-shaped
for 3 x 3 essentially hermitian matrices A.

Let H = Si. The generalized matrix function df associated with the alternative character
X is the determinant function det(:). Alternatively, if y equals the principal character, then
df becomes the permanent function per(-). In these two cases, we denote the corresponding
decomposable numerical ranges as

Di(A) = {det(V*AV) : V € My, V'V = I},

and
Py (A) = {per(V*AV) : V e M, V'V = I}

The range Dy (A) is known as the kth decomposable numerical range in the literature and has
been studied extensively due to its connections with theories of determinants, exterior spaces,
and other areas; see [I, B, [16]. It is known that Dj(A) generally fails to be convex when
k > 2; see |15, [16]. In addition, Dy(A) may fail to be simply connected when k > 6; see [3].
However, not much is known concerning the star-shapedness or the simple connectedness of
Dy (A) for 2 < k < 5. The set P,(A) is referred to as the kth permanental numerical range
and is applied to quantum systems of bosons; see [3], 10, 11l 12]. In general, P,(A) may fail
to be convex if k > 2.

The purpose of this paper is to investigate the star-shapedness of II5(A), Dy(A) and
Py(A). In Section 2, we give complete descriptions of the sets [I5(A), Do(A) and Py(A) for
n X n essentially hermitian matrices A. In particular, the sets are star-shaped. In Section 3,
we consider 3 x 3 normal matrices A. In this case, it is known that Dy(A) is convex. We
show that II5(A) and P,(A) are star-shaped. This affirms a conjecture in [19].

2. Essentially Hermitian Matrices

Note that if a matrix A € M,, is essentially hermitian then there exists z € C such that
A = z(I, +iK) where K € M,, is hermitian. Since for every A € M,, and z € C, we have
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WH(zA) = 2*W(A), it suffices to consider A = I,, +iK, where K is hermitian and has
eigenvalues A\ > Ay > --- > \,,. In the sequel, we denote by [a,b] = {ta+(1—t)b: 0 <t <1}
the closed line segment joining a,b € C. For essential hermitian matrices A, we obtain the
following characterizations of I1(A), Di(A) and P(A) .

Theorem 2.1. Let A = I, + 1K € M,, where K is a hermitian matriz with eigenvalues
AL > X > > A

(a) TI5(A) is the region enclosed by the four line segments

A+ A\
(1+i>\1)(1+i)\2),(1+i s 2)]

2 2

Moot 4+ A\
(14 ide_1)(1 +iNy), (1 + 11—+> ] :

[(14iX) (1 +1A,), (L+iA) (T +iX)], [(T+iA) (1 4id,), (14 ide1) (L4 1N,)],

2
and an arc of a parabola {(1 + i%) ca € A1+ Ay A+ )\2}} )

(b) Ds(A) is the region enclosed by the four line segments

[(1+IA)(1+ida), (1 +1A)?] . [(1 4+ idao1)(1+1An), (1 +iA-1)?]
[(14 M) (1 +1XA,), (T +iA) (1 +iXo)], [(T4 M) (1 +iN), (1 +id—1) (1 +iN,)],

2
and an arc of a parabola {(1 + i%) Ta € [2/\n_1,2/\2]} :

(c) Pa(A) is the region enclosed by the four line segments

. 2 . 2 . 5 ) 5
(LA (1 ig), SR - Bl (1 a1 )(1+ i), S5l g (Bl ]

[(1+ M) (1 + M), (14 1A (1 +ixg)], [(1+iA) (L +idn), (14 iAae1) (1 +iA,)],

and two arcs of parabolas

{ (1+i\,)? L (+ifo— An))?

5 5 :aE[)\n_1+>\n7/\1+>\n]}>

(1+iM)? (L +i(a—X))°
{ 5 ' 2

NS [)\1+)\n7)\1+)\2]}-

The authors in [19] presented a characterization of IIy(A) for 3 x 3 essentially hermitian
matrices. Theorem (a) extends their result to n x n essentially hermitian matrices. While
an algebraic characterization of Dy(A) for essentially hermitian matrices A is provided in
[4], Theorem (b) offers a more geometric description of Dy(A). It is known that Dy(A)
generally fails to be convex for n > 4; see [5, 20]. This non-convexity can also be derived from
Theorem [2.1] (b). Matrices with non-convex P»(A) can be constructed by Theorem [2.1] (c)
as well. In addition, Theorem illustrates the following inclusion relations:

Dy(A) C TIx(A) C Py(A)
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for every essentially hermitian matrix A € M,,. Note that the first inclusion relation holds
for general matrices.

To prove Theorem [2.1], we begin with some observations on essentially hermitian matrices.
Let A=1,+iK € M,, and V € M,, 5 with V*V = I,. Then

2 2 2
[[vAv) = [[( +iV'EV); =1 - [[(V'EV); +itr(V*KV).

i=1 i=1 i=1
As a result, we have
2
[M(A) = {1 — H(V*KV)Z-Z- +itr(V'KV): Ve M, V'V = IQ} .
i=1
In addition, it is straightforward to show
Dy(A) = {1 —det(V*KV) +itr(V*KV): V € M2, V'V = L1},

and
Py(A) ={1 —per(V'KV) 4+ itr(V'KV) :V € M2, V'V = I,}.

Since the generalized interlacing inequalities of hermitian matrices, as given by Fan and
Pall [6], play an essential role in this section, we present them here for the reader’s reference.

Proposition 2.2. [6] Let 1 < k <n, A € M,, and B € My, be hermitian matrices with
etgenvalues a; > -+ > a, and by > --- > by, respectively. There exists V. € M, with
V*V =1, such that B = V*AV if and only if

a; >b; > an_pyj, J=1,... k.
The following lemma is a quick consequence of Proposition
Lemma 2.3. Let K € M,, be a hermitian matriz with eigenvalues Ay > --- > \,. Then
{tr(V*KV) VeM,, V'V = ]2} = A1+ Aoy AL+ Ao

Lemma [2.3]illustrates that the projections of II3(A), Dy(A), and Py(A) on the imaginary
axis equal the interval [A,_1 + Ay, A1 + Aol
Miranda [18] characterized II5(A) for 2 x 2 essentially hermitian matrices A.

Proposition 2.4. [18] Let A = [,+iK € My where K is a hermitian matriz with eigenvalues

)\1 2 )\2. Then
. A+ A
HQ(A) = 1—Z+1()\1+/\2) A Al)\% 9 .

We extend Proposition as follows.




Lemma 2.5. Let A = I, +iK € M, where K s a hermitian matrix with eigenvalues
AL > o> Ny For each o € (M1 4+ A\, M+ Aa], we define

s (=), (@/2)2 ] if At + A <a< A+ Ay
“ DMla =), (a/2%] if M4 <a< A+
Then

I1,(A) = U {1—z2+4ia:z€L,}.
Q€[An—1+An,A1+A2]

Proof. (C): Let V€ M,,» and V*V = I,. Note that

2 2
[[vAV)i = [[(2 +iV'EV); € Ta(I + 1V KV).

i=1 i=1
Let 11 > o be the eigenvalues of V*KV and o = tr(V*KV) = py + po. By Proposition
(L +iV*KV) = {1 -z +ia:z € [ups, (/2)*]} .

It suffices to show that pius € L,.
Firstly, suppose that A\,_1 + A\, < a < Ay + \,. Then pupus € L, if and only if s >
An(a — \,). By direct computation

Pafla — (o= Ay) = paplo — A1 + 2 — An)

= <,U1 - )‘n)(NZ - )‘n)
> 0.

The last inequality follows from p; > ps > A,. Secondly, suppose that A\ + X, < a < A1+ As.
We have to show gy > Aj(a— Ap). Since Ay > py > po, it follows by pype — Ai(a— Ay) =

(111 — A1) (p2 — A1) > 0.
(D): Suppose that A\, 1 + A\, < a < A\; + A,. By Proposition there exists V € M, 5
with V*V = I, such that V*KV has eigenvalues ), and o — A,,. By Proposition

{1—z+ia:z€M(a—N\), (a2} =1(L +iVKV) =L(V*AV) C I,(A).
The case of A\; + A\, < a < A + A9 can be shown similarly. ]

For Dy(A), we have the following characterization.

Lemma 2.6. Let A = I, +iK € M, where K is a hermitian matriz with eigenvalues
AL > > Ny For every a € (A1 + Ay A1+ Aa), let L, = [ly, us] where
An—l(a - A'n,—l) Zf )\n—l + >\n S o < 2>\n—1;
Uy = ¢ (a/2)? if 2201 < a < 2)\;
/\Q(Oé — )\2) Zf X <a < A\ + )\2,



and

Ol A=A i Mt A <a< A+
Then
Dy(A) = U {1—z+ia:z€L,}.

a€[An—14+An,A1+A2]

Proof. (C): Let V€ M, and V*V = I,. Recall that det(V*AV) = 1 — det(V*KV) +
itr(V*KV). Assume that gy > uo are eigenvalues of VKV and a = tr(V*KV') = puy + po.
It suffices to show that det(V*KV') = pypus € L,. From the proof of Lemma we have
lo < pipta < (a/2)?. Thus, it remains to show that uyps < u, when A\, 1 + A, < @ < 2\,
and 2\ < o < A1 + Ag.

Assume that A\,—1 + A\, < a < 2)\,_1. The quantity pipus = pi(a — pq) is a concave
quadratic function in p; and is decreasing for py > 5. By Proposition we have p; >
An—1 > §. Therefore pypiy < Ap_1(av — Ap—1). The case for 2X; < a < A\; + A3 can be shown
similarly.

(2): Assume that \,_1+ A, < o < 2\,_;. We divide the proof into two cases: a < A+,
and a > A1 + \,.

Case 1. Suppose that o < A\; + \,,. Define for ¢ € [0, 1], u(t) = tA1 + (1 —t)( — \).
Note that p(t) is in the interval [\, 1, — A,] and \,_1 < o — A\, < A\;. Hence we have
A1 < p(t) < A1 In addition, p(t) < a— A, yields A\, < a — pu(t). Since oo < 2\, and
w(t) > A1, we have v — p(t) < 2X,_1 — A\y—1 < Ao. By Proposition 2.2] for each ¢ € [0, 1],
there exists V; € M, 5 with V;*V; = I, such that V;* KV, has eigenvalues u(t) and o — pu(t).
Hence 1 — det(V*KV;) +ia = 1 — u(t)(a — p(t)) + i € Do(A). Since p(0)(a — p(0)) = £,
and pu(1)(a — p(1)) = ug, by the continuity of the function u(t), we have the line segment
{1—z+ia:z€ Ly} C Dy(A).

Case 2. Suppose o > \; + A,,. Define for t € [0, 1], u(t) = tA\—1 + (1 —t)A;. It clear that
An—1 < p(t) < Aq. Inaddition, a—p(t) > A4+ A=A > Ay and a—pu(t) <20, 1—Noq < Ao
Propositionasserts that for each ¢ € [0, 1], there exists V; € M,, » with V;*V;, = I, such that
Vi*K'V; has eigenvalues p(t) and o — p(t). As u(0)(a — p(0)) = £y and pu(1)(a — p(1)) = uq,
by the continuity of the function u(t), we have {1 — 2z +ia: z € L,} C Dy(A).

The cases 2\, 1 < a < 2); and 2\ < a < A\; + Ay can be shown similarly. ]

For 2 x 2 essentially hermitian matrices A, a characterization of P,(A) is provided in [IT].

Proposition 2.7. [11] Let A = I,+1K € My where K is a hermitian matriz with eigenvalues

)\1 Z )\2. Then
2 2
PQ(A) = {1 — Z—Fl()\l —|—)\2) A |:)\1)\2, <A1;A2>:| } .

For general n X n essentially hermitian matrices, we have the following result.




Lemma 2.8. Let A = I, +iK € M, where K s a hermitian matrix with eigenvalues
A > > Ny For o € (N1 + Ay AL+ Ao, define

(=), (@ =X)2+X2)/2] if Mci+ A <a< A+ A\
Lo =
[/\1(04—>\1)7((Oé—)\1)24‘)\%)/2] ’lf )\1+)\n<0é§/\1+>\2

Then
Py(A) = U {1—z+4ia:z€L,}.

a€[An—14+An,A1+A2]

Proof. (C): Let V€ M,,» with V*V = I,. Assume that py > po are eigenvalues of V*KV
and a = tr(V*KV) = iy + us. By Proposition we have

- P+ 1
per(V*AV) € Py(I, + V'KV) = {1 —z4+i(p +pe) 2z € |:M1M27 (T)] } .

Thus, it suffices to show that [ulug, (@)} C L,. We will demonstrate this for the case

A1+ A < a < A+ \y; the second case can be shown similarly.
By Lemma we get A\, (a — \,) < piypo. Consequently we have

2 2 2 2 2 2 2
pi+ ey (o pe) o a (a@—A)"+ A5
= — = — — < — = (a=A, .
5 9 Haf2 5 Hiph2 = 5 (v ) 5
(D): Suppose that A\,_1 + X\, < a < A + A, Since \,,_; < a— A, < Ay, Proposition
asserts that there exists V € C"*? with V*V = I, such that V*KV has eigenvalues ), and

o — \,. Therefore, we have

The remaining case can be shown similarly. [

Proof of Theorem [2.1. We show the case of II5(A) only as Dy(A) and P»(A) can be derived
similarly.

In Lemma each « in the interval [A,_1 + Ay, A1 + o] determines a horizontal line
segment of II3(A) on the complex plane. Thus II5(A) is the region bounded above and below
by the line segments

{1 — 2z + 1()\1 -+ )\2) A £A1+/\2} =

A4\
(14iA1)(1 +iXg), (1+1 1; 2)]

and

{I=z24+i A1+ X)) 12 € Lx, i) = 2

2
(14 A1) (1 +1Ay), (1 + im) ]



respectively. In addition, the lower bounds of L, is a continuous function on « and they
bound the II3(A) on the right. More precisely, II5(A) is bounded on the right by the two
line segments

{1 =M= A1) +io:a € M+ A, A+ X)) = [(T4 M) (1 +1X,), (1 +1A) (1 +iXo)]
and
{1=X(a—=X) +ia € Mg+ A A+ A =[(1+1A) (1 +1A,), (1 +1A) (1 +iX,-1)].

Similarly the upper bounds of L, is a quadratic function on «, they give an arc of the
parabola which bound TI3(A) on the left, that is,

2
(1 - (@/2)? +ia:a € Mt + Ans At + Ao]} = {<1+1%> L@ € st + A Ay +>\2]}.

We plot II5(A), Dy(A), and Po(A) for a 5 x 5 essentially hermitian matrix below.
Example 1. Let A = diag(1+3i,1+1i,1,1 —1i,1—3i) € M.

) )

§\\ . ?\
g S

(a) M2(A) (b) Da(A)

Nl

&2

B
E/

c) Py(A)

Recall that a set S is star-shaped with a star-center ¢ € S if tx 4+ (1 — t)c € S for every
x € Sand 0 <t < 1. The characterizations in Theorem lead to the star-shapedness of
HQ(A), DQ(A) and PQ(A)

Theorem 2.9. Let A = I, +iK € M,, where K is a hermitian matriz with eigenvalues Ay >
-+ > A ThenTlo(A), Dao(A) and Py(A) are star-shaped with a star-center (1+iX)(1+1\,).
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3. 3 X 3 Normal matrices

In this section, we consider 3 x 3 normal matrices A with eigenvalues A;, Ay and A3. We
have the following result regarding the star-shapedness of II5(A).

Theorem 3.1. Let A € M3 be a normal matriz with eigenvalues Ay, Ao and A3. Then I15(A)
is star-shaped with star-center %()\1)\2 + A3+ A As).

In [19], the authors conjectured IIy(A) is always star-shaped for 3 x 3 normal matri-
ces without proposing a star-center; see also [13, Question 3.3]. Theorem settles the
conjecture in the affirmative.

We need some notations to prove Theorem [3.1] Define

Ay = {(O‘17O‘27@3)T ER: ay, 0,03 >0, g + g+ a3 = 1} .

Each o € A3 determines a subset of II5(A) as follows. Let a = (g, a9, 3) € A3 and

Ta = (\/a1, /a2, /a3) € C*. We define

Sala) = {(yi‘Ayl)(y;Ayz) T, Y1, Y € C are orthonormal} C Iy (A).

It is not hard to see that if Y € M3, with Y*Y = I, whose range space is {:L‘a}L, then
Sa(a) = (Y*AY).
The following lemma characterizes IIo(A) for 3 x 3 normal matrices A in terms of Sy («).

Lemma 3.2. Let A € My be a normal matriz. Then

My(A) = | Sa(e).

aEAs

Proof. (2) It is clear by the definition of S4(«).

(C) By unitarily similarity, we assume without loss of generality A = diag(A1, A2, A3)-
Let z € TI5(A). There exist orthonormal y;,y, € C? such that z = (y;Ay1)(ysAys). Let
T = (ml,xg,xg)T € C3 be a unit vector orthogonal to y; and y,. We shall show that
z € Sa(a) where a = (|x1]?, |22]?, |3]?) € As.

Let |z| = (Jz1, |22, |23])T and D be a diagonal unitary matrix in which Dz = |z|. Then
|z|, Dyy, Dy, are orthonormal vectors in C*. By the definition of S4(a), we have

z = (Y7 Ayr) (Y5 Aya) = (y1 D" ADy1) (ys D* ADys) = ((Dy1 )" A(Dy1)) ((Dy2)* A(Dys)) € Sa(a).

A characterization of II;(A) for any A € My was given by Hu and Tam [12].

Proposition 3.3. [12] Let A € My with eigenvalues p11 and ps. Then Iy (A) is an elliptical
disk with foci at ppe and (%)2, and major azis of length tr(A*A) — [H1342 ‘2,

To characterize Sa(«), we need the following result.



Lemma 3.4. Let A = diag(\, A2, \3) and © = (21,29, 73)" € C?® be a unit vector. Suppose
Y € Mz, with Y*Y = I, whose range space is {x}*. If 1, us are eigenvalues of Y*AY,

—|z1|? —|@2|? :
then M1l = |$1‘2)\2)\3 + ‘$2|2)\1>\3 + |l’3’2>\1)\2 and I“;_MQ = 1 |21| )\1 + ! |22| )\2 + 1+‘2 3‘)\3.

Proof. Let a; = |z;]?, i = 1,2,3. By [7, Theorem 1], the characteristic polynomial of Y*AY
is

p(z) = a1(z—=X)(z—=A3) +aa(z — A\1)(z — A3) + az(z — \)(z — \9)
= 22 — ((Oég + 043))\1 + (61/1 + 013))\2 + (a1 + (]12))\3)2 + 041)\2>\3 + 052>\1>\3 + a3>\1>\2
ZQ_(l—Oél 1—062 ]."—043

5 )\1 + 5 )\2 + B )\3) zZ+ 061)\2)\3 + 062)\1)\3 + 063)\1)\2

The result follows straightforwardly.

By Proposition and Lemma [3.4] we present a characterization of S4(a).

Lemma 3.5. Let A = diag(A\1, A2, A3) and a = (aq, g, a3) € A3. Then Sy(«) is an elliptical
disk with foci at ayAoAs 4+ ag i A3+ az i Ag and (1_2“1)\1 + 1_2a2 Ao+ 1_20“3 /\3)2, and major axis
of length %Z?:1(1 — ) INf? 4 21 jes i Re (Aidy) = [F52A + 5200 + %A?ﬁ'

Proof. Given a = (aq,a9,a3) € Ag, we let z, = (y/a1,/as,/as)" € C> Note that
Sa(a) = Hy(Y*AY) where Y € Mj, with Y*Y = I, whose range space is {z,}*. Let
11, fio be eigenvalues of Y*AY. Lemma [3.4] shows pypo = agj o3 + as A3 + asAi Ay and
u142ru2 — 1—2a1 )\1 4 1—2a2 )\2 4 1+2013 )\3.

To find the length of major axis, we have

1— (03] —\/Oélag —\/061063
YY" =13 —xox), = |-/ 1—ay —\/asas|,
—4/ 0103 —4/2(3 1 — (3
and
tr(Y"A'YY*AY) = tr(YY*A'YY™A)
3
= > A-w) N+ D maRe(AN).

i=1 1<i<y<3

Then the result follows from Proposition |

For a normal matrix A € M3 with eigenvalues A;, Ay and A3, we define
1
-3

The main technical result of this section is as follows.

BQ(A) ()\1)\2 + )\2)\3 + )\1)\3)

Theorem 3.6. Let A = diag(A1, A2, A3) and J = (%,%,%) Then for every a € Az and
0 <t <1, the following inclusion relation holds

tSala) + (1 —t)ea(A) C Sa(ta+ (1 —1t)J).
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We need the two following lemmas to prove our main result.

Lemma 3.7. Let A = diag(A1, Ao, \3) and J = (%, %, %) For every a € A3, 0 <t <1 and
AeC, if
tSA,)\[<a> + (1 - t)eg(A — )\I) g SA,)\](tOé + (1 - t)J),

then
tSa(a) + (1 —t)eg(A) C Sa(ta+ (1 —1t)J).

Proof. Let o« = (v, 0, c03) € A3, 0 <t < 1, and A € C. Define x = (xl,xg,xg)T, T =
(%1, 9,73) € C* where z; = /oy and #; = \/tay + (1 —1)/3, i = 1,2,3. For every n €
Sa(a), there exist y1, yo € C3 in which y1, 32, z are orthonormal and n = (y; Ay1) (v3 Ays). By
the inclusion relation assumption, there exist ¢, > € C? such that ¢, J»2, Z are orthonormal
and

(i (A= Ay1) (y2(A = M)ya) + (1 = t)ea(A = M) = (41 (A = M)g1) (52(A — A)g2) -
For simplicity, denote z; = yf Ay1, 20 = y3Ays, 21 = Y7 Ayr and Zy = g5 Ays. Since

1-1

TAT + 21+ 29 =trA=T¥AT + 2, + 2, and 37AT = tatAx + trA,

we have

2(1 — 1) 20-1),

2+ Z =trA— AT = t(trA — x" Ax) + trA =t(z1 + 29) +
By direct computation,

(i (A= ADy1) (y2(A = AD)y2) + (1 — t)ea(A — AI)
— t(mm = Mot 20) +22) + (1= Bea(A) — 21Dy 4 (1 g2

= tz20+ (1 — t)ea(A) — A (t(zl +2) + 2(13_ t)trA> +\?
= tz20 + (1 —t)ea(A) — XN (Z1 + Z) + N2
and on the other hand
(71 (A = AD) (F5(A = M)ga) = 212 — A (21 + Z2) + A
Hence tn + (1 —t)ea(A) = tz120 + (1 — t)eg(A) = 212 € Sa(ta+ (1 —1t)J). |
Lemma 3.8. Let a,c >0, b€ R, ac > b* and A € C. Then

la — 20\ 4+ cA?| < a — 2bRe (\) + c| A%
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Proof. By direct computation, we have
b\’ b?
‘CL—Qb)\+C)\2| = <\/a—%)\) —|—<C——> )\2
b\ | b
< |(va- ) + (- o
b b
= a—2bRe(A)—|—;|)\|2+ < ) |)\]
= a—2bRe(\) + |\

Proof of Theorem 3.6l The result is clear if A is a scalar matrix. Assume A is non-scalar.
By Lemma [3.7] we may assume that A\; = 0 and A\; # A\y. In addition, one may replace A
by A/X; and further assume that A = diag(0, 1, A) with A € C. Hence e5(A) = 3.

By Lemma for every o = (o, a0, a3) € As, the set Sa(a) is an elliptical disk with
foci at ay A and (1’% + 1’%/\)2, and major axis of length

1—&2 1—CY3
2 2

2
A

1 1
5(1 — Oé2)2 + 5(1 — &3)2|>\|2 + OégO[gRe (/\) —
2

Al 4 asazRe (A) — (1 — ag)(1 — ag)Re (N)

l—ay 1—a3
‘ 2 2
ol 1—ag
- ‘ 2 2

2

Al —aiRe (\).

As a consequence, the set tS4(a)+(1—t)es(A) is an elliptical disk with foci f; = ta;+(1-1)3,
fo=t (=2 + 1‘%)\)2—1—(1—&%, and major axis of length M =t [1522 + %Af—t@qf{e (A).
On the other hand, similar computation shows that Sa(ta+ (1 —t)J) is an elliptical disk

1=t a1zt \2 . .
with foci fi = toy + (1 - )3, fo = <1 d = + - t‘; . )\) , and major axis of length

~ 1—tas 1—t 17ta37—

M = S+ 5 — (tag + 55 Re (V).
Let z € tSa(a) + (1 — t)3. Eqmvalently |z — fi| + \z — fo| < M. To prove z €
Sa(ta+ (1 —t).J), we shall show that |z — fi| + |z — fo| < M. Since f; = fi, we have

< —|Z~—f2|+|2—f2|
< MA+|f2— [
— N+ (I - fl+ M- 11).

2= fil + |2 — fa

12



It suffices to show that ]fQ — fo| + M — M < 0. By direct computation, we have

M- M
2

+ (tar + ) Re (M)

1—t 1—t

1—taz—=—%—
3 + 5 3 )\

1—tag—
2

= )i Ly g Re (N) —

2
L DY i L = (—“1‘;‘3) + %) A‘ + tRe (\)

= Mo (e gy et R (M) 2oy
+2 (¢ (52) (&5 “3)—( ) +¥) +u>>Re(A)+%Re(A)

= t(1—t) (52— 1)’ = B+t —t) (5= — D AP - AP

F20(1 =) (5= = 5) (55 = 5) Re(V) + f5'Re (V)
= =052 =)+ (52 - A - F A+ PP -Re ()

— (=Bt (552 + 5 - ) - 5 (14 AP Re(V)),

and

12— £l
Ctas—l=t 1_tag—i=t \2 _ -
= (T ) e - -0

- <t<%+%x>+%<1+A>>2—t<%+%xf—<1—t>§\

— t(t— 1) (1 s + 1— 043)\) (1+)\) (172042 + 172a3/\) + (1—9t)2(1+)\)2 _ (1_0%

—ao —ag 2
— e — 1) (e 4 e - 2P Lt a2 (1—75)%‘

_ (1—t)‘ (1 1oy 4 1-as o1 )\ 1+/\) _1—/\9+/\2 ‘

Hence, |fo — fo| + M — M < 0 if and only if

< LA+ AP =Re(N).

l-as | 1— a3 1+A)2 _ 1-2+)2
(A + 5 — 132)" 1= ;

(5 - )

The inequality is equivalent to the condition that the number t(l_% + 1_%)\ — %)2
lies inside the ellipse with foci =25 and 0, and major axis of length & (1 + [A]2 — Re ())).
Hence it suffices to show that this holds for ¢t = 1. Note that

(1 az 4 1= a3>\ 1+A) 12N

-G-8 - G- G-+ 0A+ (1- (G -%)) )




and
§ (14 AP = Re(A) —
= (-G - G- DR+ (1= (=307 7).

Now let a =1 — (4 —322)% 2 = 2
inequality is equivalent to

la — 20\ + cA?| < a + 2bRe (\) + c| A%

2
thenagzO:a:b,c:%,

Note that a = (1= (5= %2)*) > 0 and equality holds if and only if ay = 1. If oy = 1,

@ — 20\ + eX?| = §1|/\|2 — 0+ 2BRe (A) + A2

Similar argument works for the case ¢ = 0. Now assume a,c > 0. To apply Lemma [3.§] we
need to check ac > b%. It follows by

w1 — 4ac — (2b)?
4
QU 2 (0% 2 [0} (0% 2

(- G (1 G- - G- ) (- ) 1))

1
= Z (3 — (1 — 3042)2 — (1 — 30&3)2 — (1 — 30&2)(1 — 30./3))
= % (042 + a3 — (Oég -+ 063)2 + OéQOég)
> 0

where the inequality follows by as + a3 < 1. This completes the proof. [

1
Proof of Theorem 3.1 Let z € TI5(A), 0 <t < 1 and ey(A) = g()\l/\g + A3 + A A3). By
Lemma z € Sa(a) for some o € A3. By Theorem [3.6

tr 4 (1 — tea(A) € tSa(a) + (1 — t)ea(A) C Salta + (1 — 1)) C My(A).

By Theorem [3.6] P»(A) is star-shaped for 3 x 3 normal matrices A.

Theorem 3.9. Let A € M3 be a normal matriz with eigenvalues A1, \y and \3. Then Py(A)
1
is star-shaped with star-center es(A) = g()\l)\z + Ao A3 + A1 A3).
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Proof. Let V € My, with V¥V = I, and 0 < ¢ < 1. Write V*AV = [Z” Z”]. Then
21 22

per(V*AV) = 2aj1a99 — det(V*AV).

Let © = (71,29, 23)" be a unit vector with V*x = 0 and let a = (|a1|%, |z2|?, |23]?) €
As. Then det(V*AV) = |21 M3 + |22|? A1 A3 + |32 A1 A2 and ajjaz € Sa(a). Let 7 =

(Z1,T9,73)" where 7; = \/t|xi|2 +(1— t)%, 1 =1,2,3. By Theorem there exist 41, 7s €

C? such that Z, 7, gs are orthonormal and tajjase + (1 — t)ea(A) = (77 A7) (U5 AG). Set
Y = [01,72] € M35. We shall show that ¢ per(V*AV) + (1 — t)e2(A) = per(Y*AY). Since

det(Y*AY) = ‘531’2)\2)\3 + ’532|2)\1/\3 + |.f3|2/\1>\2 = tdet(V*AV) + (1 - t)GQ(A>,
we have
tper(V*AV) + (]. - t)eg(A) = 2ta11a22 - tdet(V*AV) + (]. - t)€2(A)
= 20y Ayn) (12 Ayz) — (Edet(V7AV) + (1 — t)ex(A))
= 2(y1Ay)(y2Ay2) — det(YAY')
= per(Y"AY)
€ Py(A). -

By the theory of compound matrices and decomposable tensor, one can show that
D,,_1(A) equals the classical numerical range of the (n — 1)-th compound matrix of A and
is always convex; see [I6]. We can use Lemma to deduce this result for 3 x 3 normal
matrices.

Theorem 3.10. Let A € M3 be a normal matriz with eigenvalues A1, Ao and A3. Then
DQ(A) = COHV{)\l)\Q, )\2)\3, )\1)\3}.

Proof. (C) Let V € M3, and V*V = [,. There exists a unit vector z = (x1,zq,23)" € C3
such that V*x = 0. Suppose p; and uo are eigenvalues of V*AV. By Lemma [3.4] we have

det(V*AV) = U112 = ‘5171’2)\2)\3 + ’$2|2)\1/\3 + |£133|2/\1)\2 € COHV{)\]_)\Q, )\2)\3, )\1/\3}.

(D) Suppose z = a1 A1Ag + asdods + agAi A3 where (a1, az,a3) € Az, Then for x =
(@2, /a3, \/a1) ", there exists a matrix V € Mz, such that V*V = I, and V*z = 0. By

Lemma z =det(V*AV) € Dy(A). [
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