
PRODUCT OF OPERATORS AND NUMERICAL RANGE

MAO-TING CHIEN1, HWA-LONG GAU2, CHI-KWONG LI3,

MING-CHENG TSAI4, KUO-ZHONG WANG5

Abstract. We show that a bounded linear operator A ∈ B(H) is a multiple of a unitary

operator if and only if AZ and ZA always have the same numerical radius or the same

numerical range for all (rank one) Z ∈ B(H). More generally, for any bounded linear

operators A,B ∈ B(H), we show that AZ and ZB always have the same numerical radius

(resp., the same numerical range) for all (rank one) Z ∈ B(H) if and only if A = eitB

(resp., A = B) is a multiple of a unitary operator for some t ∈ [0, 2π). We extend the

result to other types of generalized numerical ranges including the k-numerical range and

the higher-rank numerical range.
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1. Introduction

Let B(H) be the algebra of bounded linear operators acting on a complex Hilbert space

H. We identify B(H) with Mn if H has dimension n. The numerical range of a bounded

linear operator A ∈ B(H) is defined by

W (A) = {〈Ax, x〉 : x ∈ H, ‖x‖ = 1} ⊆ C,

where 〈·, ·〉 and ‖ · ‖ denote the inner product and its associated norm in H, respectively.

The numerical radius of A is

w(A) = sup{|z| : z ∈ W (A)}.

It is known that W (A) is a nonempty bounded convex subset of C, and w(A) is a norm

on B(H) satisfying ‖A‖/2 ≤ w(A) ≤ ‖A‖, where ‖A‖ denotes the operator norm of A.

The numerical range and numerical radius are useful in studying matrices and operators; for

example, see [8, Chapter 22] or [7]. In particular, one can extract algebraic properties of an

operator A by studying its numerical range and numerical radius. For instance, A is self-

adjoint if and only if W (A) ⊆ R; A is positive semi-definite if and only if W (A) ⊆ [0,∞);

an invertible operator A is unitary if and only if w(A) = w(A−1) ([14, Corollary]). In

addition, there are interesting connection between the numerical range and radius of A and

its spectrum σ(A) and spectral radius r(A). For example, σ(A) is a subset of the closure of

W (A); r(A) ≤ w(A) with equality holding if and only if r(A) = ‖A‖.
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In the study of spectrum and spectral radius, for any A,B ∈ B(H), it is known that

σ(AB) ∪ {0} = σ(BA) ∪ {0} and r(AB) = r(BA). However, W (AB) may not be the same

as W (BA) in general. For example, for any nonzero vector x, y ∈ H, let xy∗ ∈ B(H) be the

rank one operator such that xy∗(z) = 〈z, y〉x. Then for an orthonormal pair of vectors x

and y, if A = xy∗ and B = xx∗, W (AB) = {0} and W (BA) = {µ ∈ C : |µ| ≤ 1/2}.
It is interesting to determine the pair of operators A and B such that W (AB) = W (BA)

and w(AB) = w(BA). But one may not be able to get much information about the algebraic

structure of the operators. For example, if A = I2 ⊕ A1 and B =

[
0 2

0 0

]
⊕ B1 for some

contractions A1, B1, then W (AB) = W (BA) = {µ ∈ C : |µ| ≤ 1}. Not much can be said

about A1 and B1.

It turns out that one can extract more interesting algebraic property of an operator A ∈
B(H) by studying the following problem.

Problem 1. Determine A ∈ B(H) such that W (AZ) = W (ZA) or w(AZ) = w(ZA) for all

Z ∈ B(H).

As we shall see, such operators must be a multiple of a unitary operator, and one needs

only check w(AZ) = w(ZA) for all rank one operators Z ∈ B(H) to arrive at the conclusion.

We will also study the connection of two operators A and B by considering the following.

Problem 2. Characterize A,B ∈ B(H) such that W (AZ) = W (ZB) or w(AZ) = w(ZB)

for all Z ∈ B(H).

It turns out that such a pair must be multiples of each other. We will also consider the

problem for other types of generalized numerical ranges including the k-numerical range

and the higher-rank numerical range. As one will see, we are able to get similar conclusion

in these cases. In some cases, one can adapt the proofs on classical numerical range and

numerical radius; in other cases, the proofs are more challenging.

2. Classical numerical range (radius) and k-numerical range (radius)

We begin with the following.

Lemma 2.1. If A ∈ B(H) has rank one, then w(A) = (|trA|+ ‖A‖)/2.

Proof. By the fact that W (A) is an elliptical disk with foci 0, trA, and length of minor axis√
‖A‖2 − |trA|2, we get the conclusion.

The main result of this section is the following theorem.

Theorem 2.2. Let A,B ∈ B(H). The following conditions are equivalent.

(a) w(AZ) = w(ZB) for all Z ∈ B(H).

(b) w(Axy∗) = w(xy∗B) for all unit vectors x, y ∈ H.
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(c) A = eitB is a multiple of a unitary operator for some t ∈ [0, 2π).

Proof. (c) ⇒ (a) ⇒ (b) are clear.

Suppose (b) holds. We may actually assume that (b) holds for any nonzero vectors x, y ∈
H. By Lemma 2.1, we have

(1) |〈Ax, y〉|+ ‖Ax‖‖y‖ = 2w(Axy∗) = 2w(xy∗B) = |〈Bx, y〉|+ ‖x‖‖B∗y‖

for all nonzero vectors x, y ∈ H. We want to show that ‖A‖ = ‖B‖. Indeed, for any unit

vector x ∈ H, replace y by Ax in (1), we have

2‖Ax‖2 = |〈x,B∗Ax〉|+ ‖x‖‖B∗Ax‖ ≤ 2‖B∗Ax‖ ≤ 2‖B∗‖‖Ax‖.

Thus, we deduce that ‖A‖ ≤ ‖B∗‖. On the other hand, for any unit vector y ∈ H, replace

x by B∗y in (1), we have

2‖B∗y‖2 = |〈AB∗y, y〉|+ ‖AB∗y‖‖y‖ ≤ 2‖AB∗y‖ ≤ 2‖A‖‖B∗y‖.

Thus, we infer that ‖B∗‖ ≤ ‖A‖. Hence ‖A‖ = ‖B‖ as desired. Now, we may assume that

‖A‖ = ‖B‖ = 1. Consider the following two cases separately:

(i) dimH = n <∞. Fix a unit vector x0 ∈ H with ‖Ax0‖ = 1, from (1), we have

2 = |〈Ax0, Ax0〉|+ ‖Ax0‖‖Ax0‖ = |〈Bx0, Ax0〉|+ ‖B∗Ax0‖

≤ ‖Bx0‖‖Ax0‖+ ‖B∗Ax0‖ ≤ 2.

These equalities imply that ‖B∗Ax0‖ = 1 and Ax0 = eiθBx0 for some real θ. Moreover, for

any unit vector y ∈ H with y ⊥ Ax0, from (1), we have ‖B∗y‖ = ‖y‖ = 1. Since BB∗ ≤ In
and ({Ax0} ∪ {Ax0}⊥) ⊆ ker(In − BB∗), thus ker(In − BB∗) = H or BB∗ = In. Hence B

is unitary. On the other hand, for any unit vector x ∈ H, replace y by Bx in (1), we obtain

2 = |〈Ax,Bx〉|+ ‖Ax‖ ≤ 2. It forces that ‖Ax‖ = 1. Hence A is also unitary.

(ii) dimH = ∞. Fix a unit vector x ∈ H, let Mx = span {Ax,Bx}. For any unit vector

y ∈M⊥
x , by (1), we have ‖Ax‖ = ‖B∗y‖, it follows that

(2) λx ≡ 〈A∗Ax, x〉 = ‖Ax‖2 = ‖B∗y‖2 = 〈BB∗y, y〉.

For any unit vectors x1, x2 ∈ H, take a unit vector y ∈ M⊥
x1
∩M⊥

x2
, (2) implies that λx1 =

〈BB∗y, y〉 = λx2 . Thus λx = c, a constant, for all unit vector x ∈ H. Moreover, we also

obtain A∗A = cI = BB∗ from (2). Since ‖A‖ = ‖B‖ = 1, then c = 1 or A∗A = BB∗ = I.

Finally, in both cases (i) and (ii), by (1), we have

(3) |〈Ax, y〉| = |〈Bx, y〉|

for all unit vectors x, y ∈ H. Replace y by Ax in (3), we have 1 = |〈Bx,Ax〉| = |〈A∗Bx, x〉|
for all unit vector x ∈ H. Since the numerical range is convex, it forces that W (A∗B) =

{eit} for some t ∈ [0, 2π), that is, A∗B = eitI. Note that A∗A = BB∗ = I, therefore,
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A∗ = A∗BB∗ = eitB∗ and B∗B = A∗A = B∗B = I. Hence we conclude that B is unitary

and A = e−itB.

By Theorem 2.2, we have the following corollaries immediately.

Corollary 2.3. Let A,B ∈ B(H). The following conditions are equivalent.

(a) W (AZ) = W (ZB) for all Z ∈ B(H).

(b) W (Axy∗) = W (xy∗B) for all unit vectors x, y ∈ H.

(c) A = B is a multiple of a unitary operator.

For any bounded linear operator A ∈ B(H), Corollary 1 in [14] asserts that A is unitary

if and only if w(A), w(A−1) ≤ 1. Moreover, [9, Theorem 3.9] shows that A is a nonzero

multiple of a unitary operator if and only if w(A−p) = w(A)−p for some positive integer p.

The following corollaries are analogous to these results.

Corollary 2.4. Let A ∈ B(H). The following conditions are equivalent.

(a) w(AZ) = w(ZA) for all Z ∈ B(H).

(b) w(Axy∗) = w(xy∗A) for all unit vectors x, y ∈ H.

(c) A is a multiple of a unitary operator.

Corollary 2.5. Let A ∈ B(H). The following conditions are equivalent.

(a) W (AZ) = W (ZA) for all Z ∈ B(H).

(b) W (Axy∗) = W (xy∗A) for all unit vectors x, y ∈ H.

(c) A is a multiple of a unitary operator.

Recall that the k-numerical range and the k-numerical radius of A ∈ B(H) are defined by

Wk(A) = {
k∑
j=1

〈Axj, xj〉 : {x1, . . . , xk} is an orthormal set in H},

and

wk(A) = sup{|µ| : µ ∈ Wk(A)}.

It is known that Wk(A) is also a nonempty bounded convex subset of C (cf. [8, Problem

211]).

We can extend our results to the k-numerical range and k-numerical radius. If k = dimH,

then Wk(A) = {trA}, assuming convergence. So, we always assume that k < dimH in our

consideration. The proof depends on the extension of Lemma 2.1.

Lemma 2.6. If A ∈ B(H) has rank one, then Wk(A) = W (A) and wk(A) = w(A) =

(|trA|+ ‖A‖)/2.
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Proof. Note that Wk(A) = {tr (X∗AX) : X∗X = Ik}. Suppose A has rank one. Then

so is X∗AX and there is a unitary U ∈ Mk such that U∗X∗AXU = aE11 + bE12. Thus,

tr (X∗AX) = a ∈ W (X∗AX) ⊆ W (A).

Suppose a ∈ W (A). Then A is unitarily similar to Ã = A1 ⊕ 0 with A1 ∈ M2 with (1, 1)

entry equal to a. Let X = [e1|e3| · · · |ek+1], where Tej equals the jth column of the operator

matrix T , so that X∗X = Ik and a = tr (X∗AX) ∈ Wk(A).

Hence, Wk(A) = W (A) and wk(A) = w(A).

Note that the above result is not true if A has rank larger then 1. For example, if

A = I − xx∗ for some unit vector x ∈ H, then W (A) = [0, 1] and Wk(A) = [k − 1, k] for

k > 1. We can see that W (A) ∩Wk(A) = ∅ for all k > 1.

By the preceding lemma, we have the following.

Theorem 2.7. Let A,B ∈ B(H), and 1 ≤ k < dimH. The following conditions are

equivalent.

(a) wk(AZ) = wk(ZB) for all Z ∈ B(H).

(b) wk(Axy
∗) = wk(xy

∗B) for all unit vectors x, y ∈ H.

(c) w(Axy∗) = w(xy∗B) for all unit vectors x, y ∈ H.

(d) A = eitB is a multiple of a unitary operator for some t ∈ [0, 2π).

Proof. (c)⇒ (d) follows from Theorem 2.2. (d)⇒ (a)⇒ (b) are clear, and (b)⇒ (c) follows

from Lemma 2.6.

¿From Theorem 2.7, we immediately get the following corollaries.

Corollary 2.8. Let A,B ∈ B(H). The following conditions are equivalent.

(a) Wk(AZ) = Wk(ZB) for all Z ∈ B(H).

(b) Wk(Axy
∗) = Wk(xy

∗B) for all unit vectors x, y ∈ H.

(c) A = B is a multiple of a unitary operator.

Corollary 2.9. Let A ∈ B(H) and 1 ≤ k < dimH. The following conditions are equivalent.

(a) wk(AZ) = wk(ZA) for all Z ∈ B(H).

(b) wk(Axy
∗) = wk(xy

∗A) for all unit vectors x, y ∈ H.

(c) A is a multiple of a unitary operator.

Corollary 2.10. Let A ∈ B(H) and 1 ≤ k < dimH. The following conditions are equiva-

lent.

(a) Wk(AZ) = Wk(ZA) for all Z ∈ B(H).

(b) Wk(Axy
∗) = Wk(xy

∗A) for all unit vectors x, y ∈ H.

(c) A is a multiple of a unitary operator.
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3. Higher-rank numerical range and radius

Let 1 ≤ k < dimH. The rank-k numerical range Λk(A) defined by

Λk(A) = {µ ∈ C : X∗AX = µIk for some X∗X = Ik}.

The study of the higher-rank numerical range was motivated by the investigation of quantum

error correction, [1, 3, 4], and has attracted the attentions of many researchers, [5, 6, 10,

11, 12, 13, 15]. It has been shown that Λk(A) possesses many nice properties as W (A). For

example, if A ∈ Mn and 1 ≤ k < n, then Λk(A) is always convex [15] and equals the set

of complex number λ ∈ C for which Re (e−iθλ) ≤ λk(Re (e−iθA)) for all real θ [10, Theorem

2.2]. For theoretical interest, researchers also consider the higher-rank numerical radius of

A defined by

wΛ
k (A) = sup{|µ| : µ ∈ Λk(A)},

where we use the convention that wΛ
k (A) = −∞ if Λk(A) = ∅. It is known that if A has rank

less than k, then Λk(A) ⊆ {0}. Thus, not much information on A,B ∈ B(H) can be extract

from the condition that wΛ
k (AZ) = wΛ

k (ZB) for all Z ∈ B(H) with rank less than k. Hence,

we will focus on the condition that wΛ
k (AZ) = wΛ

k (ZB) for all (rank k) operators Z ∈ B(H).

Let us begin with the following lemmas.

Lemma 3.1. Suppose that A,B ∈ B(H) have rank at least k < dimH. If wΛ
k (AZ) =

wΛ
k (ZB) for all rank k operators Z ∈ B(H). Then kerA ⊆ kerB and kerB∗ ⊆ kerA∗.

Proof. We first show that kerA ⊆ kerB. Assume otherwise, if x ∈ H is a unit vector

such that Ax = 0 and Bx 6= 0, let u1 = x/‖Bx‖, then ‖Bu1‖ = 1 and Au1 = 0. Since

rankB ≥ k, we may choose vectors u2, . . . , uk ∈ H such that {Bu1, Bu2, . . . , Buk} is an

orthonormal subset of ranB. Clearly, these vectors u1, u2, . . . , uk are linearly independent.

Let Z = u1(Bu1)∗ + u2(Bu2)∗ + · · · + uk(Buk)
∗. Then Z is a rank k operator in B(H).

Note that Au1 = 0 implies that rankAZ ≤ k − 1, hence either Λk(AZ) = {0} or Λk(AZ) =

∅. Let M = span {u1, u2, . . . , uk} and PM be the (orthogonal) projection of H onto M .

We check that PM(ZB)PM = PM . Indeed, for any vector y =
∑k

j=1 cjuj ∈ M , since

{Bu1, Bu2, . . . , Buk} is orthonormal, we have

(ZB)y = Z(
k∑
j=1

cjBuj) =
k∑
i=1

k∑
j=1

cj〈Buj, Bui〉ui =
k∑
j=1

cjuj = y.

Therefore, 1 ∈ Λk(ZB) or wΛ
k (AZ) ≤ 0 < 1 ≤ wΛ

k (ZB), this contradicts to our assumption.

Hence we conclude that Bx = 0 and kerA ⊆ kerB.

To prove kerB∗ ⊆ kerA∗, note that wΛ
k (AZ) = wΛ

k (ZB) for all rank k operators Z ∈ B(H),

then wΛ
k (B∗Z) = wΛ

k (ZA∗) for all rank k operators Z ∈ B(H). From the above proof, we

obtain kerB∗ ⊆ kerA∗.
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Lemma 3.2. Suppose that A,B ∈ B(H) have rank at least k < dimH. If wΛ
k (AZ) =

wΛ
k (ZB) for all rank k operators Z ∈ B(H), then {0} = kerA = kerB∗.

Proof. We first show that kerA = {0}. Since rankB∗ ≥ k, we may choose vectors u1, . . . , uk ∈
H such that {B∗u1, B

∗u2, . . . , B
∗uk} is an orthonormal subset of ranB∗. Assume other-

wise, if kerA 6= {0}, there exists a unit vector v ∈ H such that Av = 0. By Lemma

3.1, we have kerA ⊆ kerB = (ranB∗)⊥, thus v ⊥ B∗uj for all 1 ≤ j ≤ k. Let Z =

vu∗1 + (1/2)
(
(B∗u2)u∗2 + · · · + (B∗uk)u

∗
k

)
be a rank k operator in B(H). Note that Av = 0

implies rankAZ ≤ k − 1, hence either Λk(AZ) = {0} or Λk(AZ) = ∅. On the other hand,

since {v,B∗u1, B
∗u2, . . . , B

∗uk} is orthonormal, we have

ZB = v(B∗u1)∗ +
1

2

k∑
j=2

(B∗uj)(B
∗uj)

∗

=

[
0 0

1 0

]
⊕ 1

2
Ik−1 ⊕ 0 on H = M ⊕N ⊕ (M ∪N)⊥,

where M = span {B∗u1, v} and N = span {B∗u2, . . . , B
∗uk}. Therefore, 1/2 ∈ Λk(ZB) or

wΛ
k (AZ) ≤ 0 6= 1/2 = wΛ

k (ZB), this contradicts to our assumption. Hence we conclude that

kerA = {0}.
To prove kerB∗ = {0}, since wΛ

k (AZ) = wΛ
k (ZB) for all rank k operators Z ∈ B(H),

thus wΛ
k (B∗Z) = wΛ

k (ZA∗) for all rank k operators Z ∈ B(H). ¿From the above proof,

kerB∗ = {0}.

For a positive integer r, let Fr be the set of operators in B(H) with rank at most r.

Proposition 3.3. [11, Theorem 3.1] Let 1 ≤ r < k <∞. Suppose A ∈ B(H) and F ∈ Fr.
Then Λk(A) ⊆ Λk−r(A+ F ). Consequently,

Λk(A) ⊆ ∩{Λk−r(A+ F ) : F ∈ Fr}.

Corollary 3.4. Let Z = x1y
∗
1 + · · ·+xky

∗
k be an operator in B(H). Then Λk(Z) ⊆ W (x1y

∗
1).

Proof. Let F = −(x2y
∗
2 + · · · + xky

∗
k) ∈ Fk−1. By Proposition 3.3, we have Λk(Z) ⊆

Λk−(k−1)(Z + F ) = W (x1y
∗
1).

Lemma 3.5. Suppose k < dimH, x0, y0 ∈ H are unit vectors and A ∈ B(H) has kerA =

{0}. Then there exist unit vectors x1, . . . , xk−1 ∈ H and c1, . . . , ck−1 > 0 such that

wΛ
k

(
A
(
x0y

∗
0 +

k−1∑
j=1

cjxj(Axj)
∗)) = w

(
(Ax0)y∗0

)
.

Proof. Since kerA = {0}, thus rankA = dimH. For j = 1, . . . , k − 1, we may choose a unit

vector xj ∈ {A∗y0, A
∗Ax0, . . . , A

∗Axj−1}⊥. Since kerA = {0}, then ‖Axj‖ > 0 and y0 ⊥ Axj

for j = 1, . . . , k − 1. Note that 0 = 〈xj, A∗Axi〉 = 〈Axj, Axi〉 for 0 ≤ i < j ≤ k − 1, thus
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{Ax0, Ax1, . . . , Axk−1} is linearly independent and orthogonal. Let z0 ∈ W
(
(Ax0)y∗0

)
so that

|z0| = w
(
(Ax0)y∗0

)
, and let cj = z0/‖Axj‖2 for j = 1, . . . , k−1. Let F =

∑k−1
j=1 cjxj(Axj)

∗ and

Z = x0y
∗
0 + F . Let M = span {Ax1, . . . , Axk−1}, we can take a unit vector u ∈ ({y0} ∪M)⊥

such that span {y0, Ax0} ⊆ span {y0, u}, since {y0, Ax0} ⊥M and k < dimH. Then

AZ = (Ax0)y∗0 +
k−1∑
j=1

cj(Axj)(Axj)
∗

=

[
〈Ax0, y0〉 0

〈Ax0, u〉 0

]
⊕ z0Ik−1 ⊕ 0 on H = span {y0, u} ⊕M ⊕ ({y0, u} ∪M)⊥.

Since

W ((Ax0)y∗0) = W (

[
〈Ax0, y0〉 0

〈Ax0, u〉 0

]
),

we have z0 ∈ Λk(AZ) and w
(
(Ax0)y∗0

)
= |z0| ≤ wΛ

k (AZ). But Corollary 3.4 yields that

wΛ
k (AZ) ≤ w

(
(Ax0)y∗0

)
, hence we conclude that wΛ

k (AZ) = w
(
(Ax0)y∗0

)
.

Theorem 3.6. Suppose A,B ∈ B(H) have rank at least k < dimH. If wΛ
k (AZ) = wΛ

k (ZB)

for all rank k operators Z ∈ B(H), then w(Axy∗) = w(xy∗B) for all unit vectors x, y ∈ H.

Proof. By Lemma 3.2, we have kerA = kerB∗ = {0}. Let x0, y0 ∈ H be unit vectors. By

Lemma 3.5, there exist unit vectors x1, . . . , xk−1 ∈ H and c1, . . . , ck−1 > 0 such that

wΛ
k

(
A
(
x0y

∗
0 +

k−1∑
j=1

cjxj(Axj)
∗)) = w

(
(Ax0)y∗0

)
.

Let Z = x0y
∗
0 +
∑k−1

j=1 cjxj(Axj)
∗, then ZB = x0(B∗y0)∗+

∑k−1
j=1 cjxj(B

∗Axj)
∗. Corollary 3.4

yields that wΛ
k (ZB) ≤ w(x0(B∗y0)∗). Therefore, we obtain

w(Ax0y
∗
0) = wΛ

k (AZ) = wΛ
k (ZB) ≤ w(x0(B∗y0)∗) = w(x0y

∗
0B).

Conversely, since kerB∗ = {0}, by Lemma 3.5, there exist unit vectors u1, . . . , uk−1 ∈ H and

s1, . . . , sk−1 > 0 such that

wΛ
k

(
B∗
(
y0x

∗
0 +

k−1∑
j=1

sjuj(B
∗uj)

∗)) = w
(
(B∗y0)x∗0

)
.

Let Z ′ = y0x
∗
0 +

∑k−1
j=1 sjuj(B

∗uj)
∗, then Z ′A∗ = y0(Ax0)∗ +

∑k−1
j=1 sjuj(AB

∗uj)
∗. Corollary

3.4 yields that wΛ
k (Z ′A∗) ≤ w(y0(Ax0)∗). Therefore, we obtain

w(x0y
∗
0B) = w((B∗y0)x∗0) = wΛ

k (B∗Z ′) = wΛ
k (Z ′A∗) ≤ w(y0(Ax0)∗) = w(Ax0y

∗
0).

Hence w(A(x0y
∗
0)) = w((x0y

∗
0)B) for all unit vectors x0, y0 ∈ H.

We are ready to show our main result of this section.
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Corollary 3.7. Suppose A,B ∈ B(H) have rank at least k < dimH. The following are

equivalent.

(a) wΛ
k (AZ) = wΛ

k (ZB) for all Z ∈ B(H).

(b) wΛ
k (AZ) = wΛ

k (ZB) for all rank k operators Z ∈ B(H).

(c) w(Axy∗) = w(xy∗B) for all unit vectors x, y ∈ H.

(d) A = eitB is a multiple of a unitary operator for some t ∈ [0, 2π).

Proof. (c)⇒ (d) follows from Theorem 2.2. (d)⇒ (a)⇒ (b) are clear, and (b)⇒ (c) follows

from Theorem 3.6.

¿From the preceding result, we immediately get the following corollaries.

Corollary 3.8. Suppose A,B ∈ B(H) have rank at least k < dimH. The following are

equivalent.

(a) Λk(AZ) = Λk(ZB) for all Z ∈ B(H).

(b) Λk(AZ) = Λk(ZB) for all rank k operators Z ∈ B(H).

(c) A = B is a multiple of a unitary operator.

Corollary 3.9. Suppose A ∈ B(H) has rank at least k < dimH. The following are equiva-

lent.

(a) wΛ
k (AZ) = wΛ

k (ZA) for all Z ∈ B(H).

(b) wΛ
k (AZ) = wΛ

k (ZA) for all rank k operators Z ∈ B(H).

(c) A is a multiple of a unitary operator.

Corollary 3.10. Suppose A ∈ B(H) has rank at least k < dimH. The following are

equivalent.

(a) Λk(AZ) = Λk(ZA) for all Z ∈ B(H).

(b) Λk(AZ) = Λk(ZA) for all rank k operators Z ∈ B(H).

(c) A is a multiple of a unitary operator.
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