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Abstract

Let A be an n X n complex matrix such that every row and every column has at most
one nonzero entry. We determine permutations of the nonzero entries of A so that the resulting
matrix has maximum numerical radius. Extension of the results to operators acting on separable
Hilbert spaces are also obtained. Related results and additional problems are also mentioned.
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1 Introduction

Let B(H) be the set of bounded linear operators acting on a Hilbert space H equipped with the
inner product (-,-). If H has dimension n, we identify H with C" and B(H) with M, the set
of n x n complex matrices; the inner product (x,y) = y*z will be used. The numerical range of
T € B(H) and the numerical radius are defined by

W(T)={(Tz,z):x € H,(x,z) =1} and w(T) = sup{|p| : p € W(T)},

which have been studied extensively; see [6, 7, 8].

Suppose {E11, Eig, ..., Eny} is the standard basis for M, and aj,...,a,—1 € C. Then a
weighted shift operator in M, has the form T' = a1 F12 + --- + ap—1Fp—1,,. Professor Pei Yuan
Wu and his colleagues have obtained many interesting properties of weighted shift operators (see
[10, 11, 12]) and raised the following.

Problem A Determine a permutation o of (1,...,n—1) so that Ty = ayyEi12+- - +agm-1)FEn-1,1
will yield the maximum numerical radius.

Wu and his collaborators verified that for n < 7, the maximum numerical radius will occur at
T, such that

lac)| < laom-1)| < las@)| < lagm-2) <.



For example, if (ay,...,a5) = (1,2,3,4,5,6), then the weighted shift with maximum numerical
radius is attained at the matrix

0 1

0 3

0 5

Ts = 0 6

0 4
0 2

0

In [2], the authors confirmed the above result is true for general n, and also described the permu-

tation o of (1,...,n) so that a cyclic weighted shift matrix

Ag = agyBr12 + - + ag(n_1)En-1,1 + ag(n) En1

will yield the maximum numerical radius. Furthermore, they extended their results to (unilateral
or bilateral) weighted shifts operators acting on separable Hilbert spaces.

In this paper, we consider a more general class of matrices, and solve the following.

Problem B Suppose A € M, is such that every row and every column has at most one nonzero
entry. Determine the permutation(s) of the nonzero entries so that the resulting matriz will yield
the mazximum numerical radius.

We will extend the results to operators acting on separable Hilbert spaces. Note that the
numerical range of zero-one matrices such that every row and every column has at most one
nonzero entry was studied in [9].

Our paper is organized as follows. In Section 2, we present some preliminary results which
allow us to reduce the general study to simple special cases, and introduce some graph theory
and optimization problem results that are helpful to our study. The main theorem and other
auxiliary results of independent interest are presented in Section 3. Related results and questions

are mentioned in Section 4.

2 Preliminary

2.1 Reduction of the problem to nonnegative symmetric matrices

For A = (a;j) € M, denote by |A| = (Jai;|), and A1 (A+ A*) the largest eigenvalue of the Hermitian
matrix A+ A*. We have the following well known fact. We give a short proof for completeness.

Lemma 2.1 Let A€ M,. Then
w(A) < w(|A]) = M (|A] +14])/2.

Proof. The statement follows from the fact that

* « . (14 + At Al + |A]t
o 10l < ool = ol (2EEEE ) 1 < 0 (HEEIEE)

for any unit vector z € C". [ |



Proposition 2.2 Suppose A € M, is such that every row and every column of A has at most one
nonzero entries. Then A is permutationally similar to a direct sum of A1,..., Am and a diagonal
matriz D such that every Aj is either a weighted shift or a weighted cyclic matriz. Moreover, we

have

w(A) = w(|A]) = (A + |A])/2.

Proof. Suppose that every row and every column of A € M, has at most one nonzero entry.
We can associate with the matrix A = (a;;) € M,, a directed graph I'(A) with vertices 1,...,n,
such that there is an arc from vertex ¢ to vertex j if a;; # 0. Then I'(A) consists of directed
cycles, directed paths, self-loops, and null (isolated) vertices. Every directed cycle corresponds to a
weighted cyclic principal submatrix, every directed path corresponds to a weighted shift principal
submatrix, and grouping the self-loops and null vertices will give rise to the diagonal principal
submatrix. Thus, we get the first statement.

Note that a weighted shift matrix B = Z;Zl b;Ej j+1 is unitarily similar to |B| via a diagonal
unitary matrix U = diag (u1,...,uy41) such that w;u;1b; = |bj| for j = 1,...,r, with vy = 1.
Also, if B = Z;;% bjE; 41 + by By is weighted cyclic matrix such that det(B) = pe'? with p > 0
and @ € [0,27), then B is unitarily similar to €?/"|B| via a unitary matrix U = diag (u1,...,u,)
such that w;ju;11b; = €@/7|b;| for j = 1,...7 with w41 = w3 = 1. Thus, w(4;) = w(|4;]) for

j=1,...,m, and hence

w(A) = max({w(4;):7=1,...,m}U{w(D)})
= max ({w(|4;]) : 5 =1,...,m} U{w(|D])}) = w(]A]). n

By the above proposition, to determine the permutation o of the nonzero entries of a matrix
A with at most one nonzero entry in each row and column to get A, which attains the maximum

numerical radius, we may assume that the weights are nonnegative and focus on
w(As) = M (A + Ag)/Q,

when A, is a diagonal matrix, weighted shift matrix, or a weighted cyclic matrix.

Clearly, if A is a diagonal matrix, then w(A,) are the same for any permutation of the nonzero
diagonal entries. We will consider the permutation of nonzero weights to yield maximum numerical
radius when A is a direct sum of weighted shift matrices, or when A is a direct sum of weighted
cyclic matrices in the next two sections. Since w(4,) = A\1(A4, + A%)/2, we will focus on the
problem of maximizing the largest eigenvalue of a nonnegative symmetric matrix by permuting its

nonzero entries.

2.2 Connection to graph theory and optimization problems

We can associate an undirected graph G(A) to every symmetric matrix A = (a;;) € M, with
vertices 1,...,n and there is an edge between vertex i and vertex j if a;; = aj; # 0. On the other
hand, we can construct an adjacency matrix A(G) € M, for every graph with n vertices 1,2,...,n,
so that the (7, 7)th entry and (j,47)th entry of A(G) equal one if there is an edge joining vertex 4

and vertex j.



It turns out that our study is closely related to the following.

Problem C Suppose A € M, is the adjacency matriz associate with the path graph G consisting
of edges (1,2),(2,3),...,(n—1,n) so that

0 1
—1 1
A=3T0 (B + Ejpyg) =

N

1 0
For a given vector x = (x1,...,z,)" with nonnegative entries, determine the permutation P such
that

' P' APz > 2'Q'AQx  for any permutation Q € M,,.

Clearly, the above problem can be formulated as follows. For a vector x = (x1,...,x,)" with
nonnegative entries, determine the permutations o of (1,...,n) that yield the maximum quadratic
form

n—1
Z Lo(j)Lo(j+1)-
j=1

It is known that the permutation ¢ attaining the maximum must satisfy
Zo1) S To(n) S To2) S Totn-1) S0y O Ton) S To(1) S To(n-1) < To2) <005

[3, Theorem 1.4] (see also [1, Lemma 2.1] and [2, Lemma 2.3]).

As we will see in the subsequent discussion, it is convenient to relabel the vertices of the path
graph so that the adjacency matrix has the form

0 1 1
10 0 1
n 1 0 .o T
Bt Bnt2jeg(Bjo + i) = ... .|
o
10 0

and restate the above result as follows.
Proposition 2.3 Suppose H, 1 = E12+E21+Z?:3(Ej727j+Ej7j72), and suppose x = (1, ...,Ty)
with x1 > -+ > xn > 0. Then a permutation matriz P satisfies
n
2| z1z9 + ij,ga:j =2'P'H, Pz > 2'Q'H,_1Qx  for any permutation Q € M,, (2.1)
j=3

if and only if Px = (x1,...,2,)t.



For example, suppose = = (1,2,3,4,5,6,7)t. If the adjacency matrix of the path graph with 7
vertices is depicted as

= o
— o
—= o =

A=Y (Bjjyr+ Ej1y) =

=
_ o =
[
O =

then 2! P! APz attains the maximum value if and only if
Pr=(1,3,5,7,6,4,2)" or Pxr=(2,4,6,7,53,1)".

On the other hand, if we relabel the vertices and use the adjacency matrix

0 1 1
1 0 0 1
1 0 0 0 1
Hg = Eyo + Eo1 + Z?ZQ(E];LJ'H +Eji1-1) = 1 00 01 ;
1 0 0 0 1
1 0 0 O
1 0 O

then ! PHgPz attains the maximum if and only if Px = (6,5,4,3,2,1)%.

3 Main Results
In the following discussion, we always use the following matrices in M,y:
H, = E9 + E9, and Hj = Hj—l + (Ej—l,j—i-l + Ej+1,j—1) for j=2,....,n—1. (31)

For example, if n = 5, then

01 0 0 O 01 1 0 0 01 1 0 0 0 1.1 0 0
10 0 0 O 1 0 0 0 O 10 0 1 0 10 0 1 O
H=|0 0 0 0 0|],H=|1 0 0 0 O|,H3s=(1 0 0 O O|,Hs={|1 0 0 0 1
00 0 0 O 00 0 0 O 01 0 0 O 01 0 0 O
o0 0 0 O 00 0 0 O 00 0 0 O 0 01 00

3.1 Weighted shift matrices

We begin with a slight extension of the Proposition 2.3. Denote by r(A) the spectral radius of
A € M,. Note that if A is nonnegative, then r(A) is actually an eigenvalue of A, and is called the
Perron eigenvalue or the Perron root of A; the corresponding unit eigenvector with nonnegative

entries is called the Perron eigenvector.

Proposition 3.1 Let S(n,k), where 1 < k < n, be the set of matrices A € M, with sum of entries
equal to 2k such that A is a direct sum of Ai,..., Ap, and the zero matriz such that each Aj; is



the adjacency matriz of a path graph. Suppose Hy, ..., H,_1 are defined as in (3.1). Then for any
vector © = (T1,...,2n)t with xy >+ > x, > 0,

o' Hyx > o' Ax for any A € S(n, k).

Consequently,

r(Hg) > r(A) for all A € S(n, k).

The above proposition asserts that among the adjacency matrices of graphs with n vertices and
k edges forming disjoint paths, the optimal quadratic form will attain at an adjacency matrix with
a single path with k edges.

Proof. Suppose A € S(n, k) is the adjacency matrix of a path with & edges together will some
isolated vertices if k& < n — 1. Then there is a (k + 1) x (k + 1) principal submatrix A of A
corresponding to the path, and & = (z;,,... ,l‘ik+1)t, where 71,...,94+1 are distinct elements in
{1,...,n}, and a permutation P € Mj

vt Az = 7 Az < #P'H,.P7 < 2'Hpx

by Proposition 2.3, where H, is the leading principal submatrix of Hy of size k + 1.
Suppose A € S(n,k) corresponds to a graph with at least 2 disjoint paths. Let A; and Ag
be two principal submatrices of A corresponding to disjoint paths with p — 1 edges and ¢ — 1

edges, respectively. Then there are two vectors vy = (z4,,...,x;,)" and vy = (xj,,...,2;,)" such
that (i1,...,4p) and (j1,...,Jq) are increasing subsequences of (1,...,n) with no common terms
satisfying

xtA:c = valvl + ’UéAQ'U + A,

where A is the sum of the rest of the terms in the quadratic form. Suppose i, < j,. Then

tAx = v’iAlvl + véAgv + A
p q
< 2(ziywi, + Z Tiy ,Tiy) + 2(zj, 25, + Z Tjo_oTj,) + A
=3 =3
p qg—1
< 2w, + Y i, )+ 2ah T+ Y@, T, Ty, w,) + A
(=3 (=3

= zlAzx,

where A € S (n, k) is obtained from A by replacing the two principal submatrices A; and Ay by A
corresponding to a path with p + ¢ — 2 edges connecting the vertices

bp—1ytp—3s -3 tp—2,1py Jqg—25Jq—4 - - -y Jq—3yJq—1-

If A corresponds to a graph with a single path, then zfAz < 2'Hyz. Otherwise, we can repeat the
argument to show that 2t Az < 2! Az where A has one fewer path. Repeating this process, we see
that 2! Az < 2! Bx for some adjacency matrix B corresponding to a graph consisting of a path with
k edges. By the conclusion in the first paragraph of the proof, we see that 2! Bx < 2! Hpx.



For any A € S(n, k), there is a nonnegative eigenvector  of unit length such that
M (A) = %Az < 2* P H,Px < A\ (H}),

where P is a permutation matrix so that Pz has entries arranged in descending order. The last
assertion follows. [
Next, we determine the optimal quadratic form of an adjacency matrix of a weighted path.

Theorem 3.2 Leta; > - - > ap_1 >0, and let

0
A _ n—1 _ az 0 0 0
=a1(Ev2 + En) + 3550 aj(Ej-1541 + Ej1-1) = 0

as
0 0 0
An—1 0 O
Then for any x = (21, ...,2,)" with nonnegative entries arranged in descending order, and for any
permutation matriz P, we have
2t Az > 2Pt APz
Consequently, if o is a permutation of (1,...,n— 1), and
n—1
Ay = ag)(Er2 + Eo1) + -+ + Z Ao(jy (Bj-15+1 + Ejt15-1),
j=2
then

the equality holds if and only if A = A,.
Note that A, in the above theorem can be expressed as Z;:ll vjA;, where
e yy=aj—ajq forj=1,....,n—2, Y_1=ay1,
o An1 = (Biz + Bat) + X755 (Bjm1 a1 + Ejyrjo1), and

e A; is obtained from Aj;,; by removing a pair of ones in two symmetric positions for j =
n—2,...,1

For example,

0 3 8 0 0 01 1 0 0 01 1 00 0 0 1 00 0 01 00
30 0 1 0 1 0 01 0 1 0 0 0 O 00 0 0 O 0 0 0 0 O
A=1|8 0 0 0 5]=|1 0 O O 1|{+2|1 0 O O 1(f+2]1 0O O O 1(f(+3]1 0 O 0 O
01 0 00 01 0 0 O 00 0 0 O 0 0 0 0 O 0 0 0 0 O
00 5 0 0 00 1 0 O 00 1 0 O 0 0 1 0 0 0 0 0 0 O

Thus, Theorem 3.2 can be restated and proved in the following equivalent form.



Theorem 3.3 Suppose A,_1 is the adjacency matriz of a length n— 1 path joining n vertices, and

Aj is obtained from Aji1 by removing a pair of ones in two symmetric positions for j =n—2,...,1.
Let Hy,...,H, 1 be defined as in (3.1). Then for any vector x = (x1,...,2,)" with xy > -+ >
Ty > 0, and any nonnegative numbers i, ..., Yn—1,
n—1 n—1
z! Z’yjHj x>t Z’yjAj x. (3.2)
Jj=1 Jj=1

Suppose yp—1 > 0 and x is the Perron vector for 27:_11 viHj, the equality holds if and only if

n—1 n—1
S vH; = A
j=1 J=1

Proof. The inequality (3.2) follows from Theorem 3.1. To prove the last assertion, suppose
An—1 > 0 and z is the Perron vector for H = Z;L;l v;Hj. Then

n—1 n—1
!t Z'yjHj r=a' Z'yjAj x. (3.3)
j=1 Jj=1

only if vja'Hjx = vjz'Ajz for all k =1,...,n — 1.
Let us first analyze the Perron vector x = (xl,...,a:n)t where x1 > -+ > x, > 0. Let

o =Y+ + Y1 fork=1,... n.
1. Writing 2 Hy = 2(a1x129 + agx1ws + agwexy + A), we see that if 21 = x9 then aszs = agxy
and hence x3 = x4 and as = as.
In fact, if aoxg > asxy4, then for 1 = \/3:% +e and 29 = \/x% — ¢ with a sufficiently small
€ > 0, we have

12122 + a22173 + azTows > a10122 + A2T173 + A3T2T4,

contradicting the fact that ' Hz > y'Hy for all unit vector y.
We will use a similar reasoning in the next few cases.

2. Writing 2! Hz = 2(ap—92Tn—3Tn—1+an_1Tn_ox,+A), we see that if x,,_1 = x,, then a,,_oxy,_3 =

Ap—1Zn—2 and hence x,_3 = Tp—2 and ap—_92 = ap_1.

3. Writing 2! Hx = 2(a;_125_0; + @is12:Ti12 + a;Ti 17541 + aipomi 1713 + A), we see that if
Z; = Ti41 then a;_17i—2 + ajy127i42 = a;wi—1 + aj27i4+3 and hence x;_o = x;_1, Tiy2 = Tit3,

ai—1 = a; and a;41 = a4 fori=2,... ,n—3

4. Writing o' Hr = 2(ap—3%n—4Tn—2 + An-1Tn—2Tn + Gpn_2Tp_3Tn—1 + A), we see that it is

impossible to have x,,_o = z,,_1.



5. If a; = a;41 then the partial sum a;y12;%42 + a;zi—17i+1 will be greater if we replace

(@iz1,Ti, Tig1, Tiv2) by

W (221 +22)/2\J (2 +02)/2\ (e +0200) /2 (22 + x%+2>/2) ,

fort=2,3,...,n—2.
We can deduce the following:

(a) If niseven and a1 > ag =ag > a4 =as > -+ > ap—2 = ap_1, then 1 = 9 > 3 = x4 >

Ty =g > " > Tp—1 = Tp.

(b) If nisodd and a1 = ay > a3 =a4 > a5 =ag > -+ > ap—2 = ap_1, then 1 > x9 = 23 > 14 =
Ty > > Tpoq = Tn.

(c) If n is even and agy # agky1 for some k, or n is odd and agg_1 # agy for some k, then
X1 > X9 > > Ty

Translating the above observation in terms of +’s, we have:

Ifyn-o2=9m-a="m-—e6=-=0,then zpy =21 < Tp-2="=Tp-3 <.

Otherwise, we have x1 > Ty > -+ > Tn,.

If v; = 0 then v H; = v;A;. If v; # 0 then ' Hjz = ' Az, hence A; must be an adjacency matrix
to attain the maximum, and the 1’s have to be assigned to the edges corresponding to the largest
x;x;’s, and thus H; = Aj. [ |

We have the following simple corollary.

Corollary 3.4 Suppose we are going to assign weights a1 > ag > --- > ap—1 > 0 to a collection of
paths of different lengths in order to maximize the numerical radius of the adjacency matriz, then
we should assign the largest a;’s to the path with mazimal length in the way as in Theorem 3.2.

3.2 Weighted Cyclic Matrices

We can determine the optimal quadratic form of an adjacency matrix of a weighted cycle. In this
subsection, we always assume that n > 3.

Theorem 3.5 Leta; > --- > a, > 0, and let

n—1
A = a(Biz+Bn) + ) aj(Ejmn + Ejrrjo1) + an(Buoin + Epno1)
j=2
0 al az
al 0 0 as
_la 0 0 0o .
- as 0 0 0 an:
0 0 an
An—1 Gn 0



Then for any x = (21, ...,2,)" with nonnegative entries arranged in descending order, and for any
permutation matriz P, we have
2t Az > 2 P' APz

Consequently, if o is a permutation of (1,...,n), and
n—1
As = agy(Er2 + Eo1) + - + Z o) (Ej-1j+1+ Ejy15-1) + ao(n)(En—1n + Enn-1),
j=2
then

the equality holds if and only if A = A,.

We can reformulate Theorem 3.5 and prove it using Theorem 3.3. We will make use of the
matrices Hi,...,H,_1 in (3.1) together with the matrix

0 1 1
1 0 0 1
1 0 0 O
H,=H, 1+ Enfl,n + En,nfl = 1 0 0 0 1 (34)
0o 0 1
1 1 0

Theorem 3.6 Suppose A, is the adjacency matriz of a cycle joining n vertices, and A; is obtained
from Aj 1 by removing a pair of ones in two symmetric positions for j = n—1,...,1. Let Hy,..., H,
be defined as in (3.1) and (3.4). Then for any vector x = (x1,...,x,)" withxy > -+ >, > 0, and
any nonnegative numbers yi, ..., Vn,

n n
xt Z'yjHj x> Z’yjAj x. (3.5)
j=1 j=1
Proof. By Theorem 3.3,
n—1 n—1
z!t Z’yjHj x>t Z’yjAj x
j=1 j=1
and
n n
2t Apx = # Ay 17 + 2, Z xj— anfl < #H,_ 1% + 2z, ij - Qnmi =2'H,x,
=1 j=1
where Z = (1 — Zn, ..., Tn_1 — Tpn,0)!. Thus, 2! (Z?:l fyjAj) r <zt (Z?:l 'yjHj) x. [

We have the following corollary similar to Corollary 3.4

10



Corollary 3.7 Suppose we are going to assign a1 > as > -+ > an > 0 to a collection of cycles
of different lengths in order to maximize the numerical radius of the adjacency matriz. Then we

should assign the largest a;’s to the cycle with minimal size in the way as in Theorem 35.6.

Proof. 1t suffices to show that r(A,) < r(A,—1) where

k-1
A = a1(E12+ Ea) + Z aj(Ej—1j+1 + Ejy1j-1) + ar(Ex—1 1 + Eg j—1)-
=2

To this end, we see that the Perron eigenvalue of A, is of the form
R= 2(an—1xn—2xn + anTn—12n + A)

where 71 > -+ > 190 > xp_1 > x, > 0 and z = (21, 22,...,2,)! is the Perron vector. Note that
R > 2a,, (consider the vector ﬁ(l, DY,

Now consider a unit vector y = \/1172(351, To,...,op_1)" and calculate the quadratic form
—22
‘ 1
S=y'A,1y = 2 .2 (ap—1Tp—1Tp—2 + A)
n

1
= 2 <1_$2(an1$n1$n2 + R/2 — Op—1Tn—2Tn — anl'nlxn)> .
n

We have
Lo 22)s—R) = 2'Ra?
5( —z;)(S—R) = Ty + Qp—1Tp—1Tp—2 — An—1Tp—2Tn — ApTpn—1Tn
2
> nTy + p—1Tp—1Tp—2 — Qp—1Tp—2Ty — ApTp—1Ty
= (anflxan - anxn)(xnfl - xn)
> 0.
Thus the Perron eigenvalue of A,,_; is larger. [ |

3.3 Solution of Problem B

Using the results in Subsections 3.1 and 3.2, we have the following.

Proposition 3.8 Fora; > as > -+ > a, >0, let Wi = [a1],

0 An—2
O Ap—4
0
0 a 0 al 0 B
1 eooa
W2:<a O)} W3: 0 0 az )"'7WTL: ! )
? az 0 0 0o
an—3
O Ap—1
an 0

11
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Then

ay = w(Wy) = w(Wa) > -+ > w(Wy,) = w(Sy) = w(Su_1) >+ > w(S)) = %

Proof. A direct computation shows that a; = w(W1) > w(W2) > w(W3). By Corollary 3.7, we
have w(Ws3) > -+ > w(W,).

Since (S, + Sfl) can be viewed as a principal submatrix of Wy,49 + Wfb+2 by setting an41 =
ant2 = 0, it follows that w(W,12) > w(Sy).

By Corollary 3.4, we have w(Sy,) > w(Sp-1) > --- > w(S1) = % . The result follows. [ ]

We are now ready to present the solution of Problem B. Note that in the following result,
weighted cycle can be of length 2 in contrary to the situation in Subection 3.5.

Theorem 3.9 Suppose A € M, is a matriz with at most one entry in each row and each column.
Construct a sequence of nonnegative number di > do > --- corresponding to the the magnitudes
of the nonzero entries of A. Denote by A, the matrixz obtained from A by permuting its nonzero
entries using the permutation o.

If all d;’s are equal, then w(Ay) = w(A) for any permutation o of the nonzero entries of A.
Otherwise, suppose di = --- = dy > dpi1 for some positive integer k. Then one of the following
holds depending on the decomposition of A described in Proposition 2.2.

(1) Suppose A has a nonzero diagonal entry. Then A, attains the mazximum numerical radius
equal to dy if and only if A, has a diagonal entry with magnitude di or A, has a principal
submatriz of size m < k corresponding to a weighted cyclic matriz with all entries having
magnitude d; .

(2) Suppose A is a direct sum of weighted cyclic matrices, weighted shift matrices, and possibly
an additional zero matrix, such that the smallest weighted cyclic matriz has size m. Then A,
attains the maximum numerical radius equal to w(B), where

0 di deo
d 0 0 ds

_ ditde (O 1Y) . _ _1|d2 © 0 0 . >
B = 2 (1 0) me—Q and B_2 4 0 0 0 . me_3,

12



if and only if Ay has a principal submatriz A which is a weighted cyclic matriz satisfying one
of the following conditions.

(a) |A| +|A|" is permutationally similar to 2B.
(b) A has size less than or equal to k and all its nonzero entries have magnitudes d .

(3) The nonzero direct summands of A are all weighted shift matrices, and the largest one has
size L. Then A, has mazimum numerical radius equal to w(B) with

0 di d2
do 0 0 ds

1]1d2 0 O 0 -
2 ds 0 0 0 de

0 0 0
de—1 O 0

if and only if Ay has a principal submatriz A such that \fl\ + \fl\t s permutationally similar
to 2B.

Thus, we have the following general strategy for permuting entries of A € M,, described in

Problem B to maximize the numerical radius.
e If A has a nonzero diagonal entry, exchange it with an entry with maximum magnitude.

e If A has no nonzero diagonal entries, search for a principal submatrix A corresponding to a
weighted cyclic matrix of minimum size, say, m; exchange its entries by those with largest
magnitudes and arrange the entries so that the resulting matrix has the maximum numerical

radius as in Theorem 3.6.

e If the direct summands consist of weighted shift matrices only, then choose the one with
maximum size, exchange its entries with entries in A with largest magnitudes and arrange
the entries so that the resulting matrix has the maximum numerical radius as in Theorem
3.2.

4 Further remarks and open questions

4.1 Remark on infinite dimensional case

In [2], the authors consider the permutation of the entries of a unilateral weighted shift operator
T =3 20a;(- ejt1)ej, or a bilateral weighted shift operator T =377 a;(-,ej+1)ej, to get the
maximum numerical radius. In either case, they use the weights of the operator T' to construct a
nonnegative non-increasing sequence {di, da, ... } as follows. If there are k terms in {|a1], |az|,...}
with 0 < k < oo larger than limsup{|a;| : ¢ = 1,2,...}, then arrange the k terms in descending
order and set them as dy > --- > dj, and set d; = limsup{|a;| : ¢ =1,2,...} for all j > k if k < o0.

They showed that the maximum numerical radius one can get is equal to w(7T") with
o [e.e]
T = Z daj+1(s €j+1)ej + Z daj(+, e—j1)e—;-
j=0 J=1
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In fact, if we depict the operator matrix of T using the ordered basis {eg,e1,e_1,e9,e_9,...} or
{eo,e_1,€1,e_2,€9,...}, then the matrix T, attaining the maximum numerical radius has the form

0 di do

which can be viewed an extension of the result in finite dimensional case in Theorem 3.2.

One easily adapts our results to 7" € B(H), whose operator matrix with a suitable countable
orthonormal basis has at most one entry in each row and each column so that it is a direct sum of
finite cycles, paths (finite or infinite), and diagonal operator (finite or infinite).

4.2 Additional results for matrices

The following was proved in [3, Theorem 2.1].

Theorem 4.1 Suppose A is the adjacency matrixz of a tree. Then there is a permutation P such
that
2P APz > 2'Q'AQx

for any permutation matriz Q and any nonnegative vector x with entries arranged in descending
order if and only if PAP = U + U' with

U:€1( Z ej)t+e2( Z ej)t+...+ek( Z ej)t,

1<j<dy di1<j<ds dy—1<j<dj
where dy < --- <dp=mn andd; —dj_1 > djy1 —d;j forj=1,...,k—1.

Note that the nonzero rows of U always add up to the vector (0,1,1,...,1), and dj — d;—1 >
dj+1 — d; simply means that the row sums of U is non-increasing. For example, we may have
A =U + U with

<

I
coococoo
coococ o~
cocoo o~
coocoro
cooco o
cocoor oo

By Theorem 4.1, if there is no permutation matrix P such that P! AP has the described form,
then for different nonnegative vector with entries in descending order, one needs to choose different
Q so that z'Q'AQz attains the maximum among all choices of permutation matrix Q.

For example, if G is obtained by the path 1 —2 — 3 — 4 — 5 adding a vertex 6 connected to 2.
Then we see that different vector x may lead to different optimal weight assignment. For example,
for x = (7,6,5,4,3,2), we should assign (4,7,6,5,2,3) or (3,4,6,5,2,4), where vertex 4 is the third
largest; for x = (10,5,4,3,2,1), we should assign (4, 10,5,2,1,3) or (3,10,5,2,14), vertex 4 is the
second smallest.
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On the other hand, there may be different permutation matrix P such that P'AP has the
described form. Then for each of these matrices P, 2! P! APx will give the maximum values among
all choices of permutation matrices.

For a weighted tree having the structure described in Theorem 4.1, we have the following.

Proposition 4.2 Suppose A = U + U, where U is in upper triangular form described in Theorem
4.1. For any nonnegative numbers ay > -+ > an—1, we can obtain Ut from Ut by replacing the jth
column by Zdjilquj arer. Then the resulting matriz A = U + U satisfies

2t Az > 2t Ayx

for any other assignment of the nonzero entries in A by the ay,...,an—1 (in the symmetric posi-

tions).
The following observation is clear.

Proposition 4.3 Let ay > -+ > an—1. For any nonnegative vector x with nonnegative entries

arranged in descending order,

n
xt Zaj_l(Elj +FEjn) | x> 2t Ax
=2

for any adjacency matriz A corresponding to a weighted tree with weights a1 > -+ > ap_1.

In connection to our study, it would be interesting to study the following general problem.

Problem D Given a matriv A = (a;;) € My, determine the permutation(s) of its entries to
mazximize/minimize its spectral radius, numerical radius, or spectral norm.

One may consider special classes of matrices such as adjacency matrices of some special graphs,
companion matrices, the complementary basic matrices defined by Fielder [4] (see also [5]).

It is also interesting to study the minimization problems on quadratic forms and numerical
radius.

Problem E Let A € M, be a real matriz with some special structure, and let v = (x1,...,2,)
be a real vector with entries arranged in descending order. Determine the permutation matrices P
such that ' P APz attain its minimum.

Problem F Let A € M, with some special structure, say, each row and each column has at most
one nonzero entry. Determine the permutations of its nonzero entries that yield the minimum

etgenvalue.
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