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1 Introduction

Let B(H) be the set of bounded linear operators acting on a Hilbert space H equipped with the

inner product (·, ·). If H has dimension n, we identify H with Cn and B(H) with Mn, the set

of n × n complex matrices; the inner product (x, y) = y∗x will be used. The numerical range of

T ∈ B(H) and the numerical radius are defined by

W (T ) = {(Tx, x) : x ∈ H, (x, x) = 1} and w(T ) = sup{|µ| : µ ∈W (T )},

which have been studied extensively; see [6, 7, 8].

Suppose {E11, E12, . . . , Enn} is the standard basis for Mn, and a1, . . . , an−1 ∈ C. Then a

weighted shift operator in Mn has the form T = a1E12 + · · · + an−1En−1,n. Professor Pei Yuan

Wu and his colleagues have obtained many interesting properties of weighted shift operators (see

[10, 11, 12]) and raised the following.

Problem A Determine a permutation σ of (1, . . . , n−1) so that Tσ = aσ(1)E12+· · ·+aσ(n−1)En−1,1
will yield the maximum numerical radius.

Wu and his collaborators verified that for n ≤ 7, the maximum numerical radius will occur at

Tσ such that

|aσ(1)| ≤ |aσ(n−1)| ≤ |aσ(2)| ≤ |aσ(n−2)| ≤ · · · .
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For example, if (a1, . . . , a6) = (1, 2, 3, 4, 5, 6), then the weighted shift with maximum numerical
radius is attained at the matrix

Tσ =



0 1
0 3

0 5
0 6

0 4
0 2

0


.

In [2], the authors confirmed the above result is true for general n, and also described the permu-

tation σ of (1, . . . , n) so that a cyclic weighted shift matrix

Aσ = aσ(1)E12 + · · ·+ aσ(n−1)En−1,1 + aσ(n)En,1

will yield the maximum numerical radius. Furthermore, they extended their results to (unilateral

or bilateral) weighted shifts operators acting on separable Hilbert spaces.

In this paper, we consider a more general class of matrices, and solve the following.

Problem B Suppose A ∈ Mn is such that every row and every column has at most one nonzero

entry. Determine the permutation(s) of the nonzero entries so that the resulting matrix will yield

the maximum numerical radius.

We will extend the results to operators acting on separable Hilbert spaces. Note that the

numerical range of zero-one matrices such that every row and every column has at most one

nonzero entry was studied in [9].

Our paper is organized as follows. In Section 2, we present some preliminary results which

allow us to reduce the general study to simple special cases, and introduce some graph theory

and optimization problem results that are helpful to our study. The main theorem and other

auxiliary results of independent interest are presented in Section 3. Related results and questions

are mentioned in Section 4.

2 Preliminary

2.1 Reduction of the problem to nonnegative symmetric matrices

For A = (aij) ∈Mn, denote by |A| = (|aij |), and λ1(A+A∗) the largest eigenvalue of the Hermitian

matrix A+A∗. We have the following well known fact. We give a short proof for completeness.

Lemma 2.1 Let A ∈Mn. Then

w(A) ≤ w(|A|) = λ1(|A|+ |A|t)/2.

Proof. The statement follows from the fact that

|x∗Ax| ≤ |x|∗|A||x| = |x|∗
(
|A|+ |A|t

2

)
|x| ≤ λ1

(
|A|+ |A|t

2

)
for any unit vector x ∈ Cn.
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Proposition 2.2 Suppose A ∈Mn is such that every row and every column of A has at most one

nonzero entries. Then A is permutationally similar to a direct sum of A1, . . . , Am and a diagonal

matrix D such that every Aj is either a weighted shift or a weighted cyclic matrix. Moreover, we

have

w(A) = w(|A|) = λ1(|A|+ |A|t)/2.

Proof. Suppose that every row and every column of A ∈ Mn has at most one nonzero entry.

We can associate with the matrix A = (aij) ∈ Mn a directed graph Γ(A) with vertices 1, . . . , n,

such that there is an arc from vertex i to vertex j if aij 6= 0. Then Γ(A) consists of directed

cycles, directed paths, self-loops, and null (isolated) vertices. Every directed cycle corresponds to a

weighted cyclic principal submatrix, every directed path corresponds to a weighted shift principal

submatrix, and grouping the self-loops and null vertices will give rise to the diagonal principal

submatrix. Thus, we get the first statement.

Note that a weighted shift matrix B =
∑r

j=1 bjEj,j+1 is unitarily similar to |B| via a diagonal

unitary matrix U = diag (u1, . . . , ur+1) such that uj ūj+1bj = |bj | for j = 1, . . . , r, with u1 = 1.

Also, if B =
∑r−1

j=1 bjEj,j+1 + brEr,1 is weighted cyclic matrix such that det(B) = ρeiθ with ρ > 0

and θ ∈ [0, 2π), then B is unitarily similar to eiθ/r|B| via a unitary matrix U = diag (u1, . . . , ur)

such that uj ūj+1bj = eiθ/r|bj | for j = 1, . . . r with ur+1 = u1 = 1. Thus, w(Aj) = w(|Aj |) for

j = 1, . . . ,m, and hence

w(A) = max ({w(Aj) : j = 1, . . . ,m} ∪ {w(D)})
= max ({w(|Aj |) : j = 1, . . . ,m} ∪ {w(|D|)}) = w(|A|).

By the above proposition, to determine the permutation σ of the nonzero entries of a matrix

A with at most one nonzero entry in each row and column to get Aσ which attains the maximum

numerical radius, we may assume that the weights are nonnegative and focus on

w(Aσ) = λ1(Aσ +Atσ)/2,

when Aσ is a diagonal matrix, weighted shift matrix, or a weighted cyclic matrix.

Clearly, if A is a diagonal matrix, then w(Aσ) are the same for any permutation of the nonzero

diagonal entries. We will consider the permutation of nonzero weights to yield maximum numerical

radius when A is a direct sum of weighted shift matrices, or when A is a direct sum of weighted

cyclic matrices in the next two sections. Since w(Aσ) = λ1(Aσ + Atσ)/2, we will focus on the

problem of maximizing the largest eigenvalue of a nonnegative symmetric matrix by permuting its

nonzero entries.

2.2 Connection to graph theory and optimization problems

We can associate an undirected graph G(A) to every symmetric matrix A = (aij) ∈ Mn with

vertices 1, . . . , n and there is an edge between vertex i and vertex j if aij = aji 6= 0. On the other

hand, we can construct an adjacency matrix A(G) ∈Mn for every graph with n vertices 1, 2, . . . , n,

so that the (i, j)th entry and (j, i)th entry of A(G) equal one if there is an edge joining vertex i

and vertex j.
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It turns out that our study is closely related to the following.

Problem C Suppose A ∈ Mn is the adjacency matrix associate with the path graph G consisting

of edges (1, 2), (2, 3), . . . , (n− 1, n) so that

A =
∑n−1

j=1 (Ej,j+1 + Ej+1,j) =


0 1

1
. . .

. . .

. . .
. . . 1
1 0

 .

For a given vector x = (x1, . . . , xn)t with nonnegative entries, determine the permutation P such

that

xtP tAPx ≥ xtQtAQx for any permutation Q ∈Mn.

Clearly, the above problem can be formulated as follows. For a vector x = (x1, . . . , xn)t with

nonnegative entries, determine the permutations σ of (1, . . . , n) that yield the maximum quadratic

form
n−1∑
j=1

xσ(j)xσ(j+1).

It is known that the permutation σ attaining the maximum must satisfy

xσ(1) ≤ xσ(n) ≤ xσ(2) ≤ xσ(n−1) ≤ · · · , or xσ(n) ≤ xσ(1) ≤ xσ(n−1) ≤ xσ(2) ≤ · · · ;

[3, Theorem 1.4] (see also [1, Lemma 2.1] and [2, Lemma 2.3]).

As we will see in the subsequent discussion, it is convenient to relabel the vertices of the path

graph so that the adjacency matrix has the form

E12 + E21 +
∑n

j=3(Ej−2,j + Ej,j−2) =



0 1 1
1 0 0 1

1 0
. . .

. . .
. . .

. . .
. . .

. . .
. . . 1

. . .
. . .

. . . 0
1 0 0


,

and restate the above result as follows.

Proposition 2.3 Suppose Hn−1 = E12+E21+
∑n

j=3(Ej−2,j+Ej,j−2), and suppose x = (x1, . . . , xn)t

with x1 ≥ · · · ≥ xn ≥ 0. Then a permutation matrix P satisfies

2

x1x2 +

n∑
j=3

xj−2xj

 = xtP tHn−1Px ≥ xtQtHn−1Qx for any permutation Q ∈Mn (2.1)

if and only if Px = (x1, . . . , xn)t.
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For example, suppose x = (1, 2, 3, 4, 5, 6, 7)t. If the adjacency matrix of the path graph with 7

vertices is depicted as

A =
∑6

j=1(Ej,j+1 + Ej+1,j) =



0 1
1 0 1

1 0 1
1 0 1

1 0 1
1 0 1

1 0


,

then xtP tAPx attains the maximum value if and only if

Px = (1, 3, 5, 7, 6, 4, 2)t or Px = (2, 4, 6, 7, 5, 3, 1)t.

On the other hand, if we relabel the vertices and use the adjacency matrix

H6 = E12 + E21 +
∑5

j=2(Ej−1,j+1 + Ej+1,j−1) =



0 1 1
1 0 0 1
1 0 0 0 1

1 0 0 0 1
1 0 0 0 1

1 0 0 0
1 0 0


,

then xtPH6Px attains the maximum if and only if Px = (6, 5, 4, 3, 2, 1)t.

3 Main Results

In the following discussion, we always use the following matrices in Mn:

H1 = E12 + E12, and Hj = Hj−1 + (Ej−1,j+1 + Ej+1,j−1) for j = 2, . . . , n− 1. (3.1)

For example, if n = 5, then

H1 =


0 1 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , H2 =


0 1 1 0 0
1 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , H3 =


0 1 1 0 0
1 0 0 1 0
1 0 0 0 0
0 1 0 0 0
0 0 0 0 0

 , H4 =


0 1 1 0 0
1 0 0 1 0
1 0 0 0 1
0 1 0 0 0
0 0 1 0 0

 .

3.1 Weighted shift matrices

We begin with a slight extension of the Proposition 2.3. Denote by r(A) the spectral radius of

A ∈Mn. Note that if A is nonnegative, then r(A) is actually an eigenvalue of A, and is called the

Perron eigenvalue or the Perron root of A; the corresponding unit eigenvector with nonnegative

entries is called the Perron eigenvector.

Proposition 3.1 Let S(n, k), where 1 ≤ k < n, be the set of matrices A ∈Mn with sum of entries

equal to 2k such that A is a direct sum of A1, . . . , Am and the zero matrix such that each Aj is
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the adjacency matrix of a path graph. Suppose H1, . . . ,Hn−1 are defined as in (3.1). Then for any

vector x = (x1, . . . , xn)t with x1 ≥ · · · ≥ xn > 0,

xtHkx ≥ xtAx for any A ∈ S(n, k).

Consequently,

r(Hk) ≥ r(A) for all A ∈ S(n, k).

The above proposition asserts that among the adjacency matrices of graphs with n vertices and

k edges forming disjoint paths, the optimal quadratic form will attain at an adjacency matrix with

a single path with k edges.

Proof. Suppose A ∈ S(n, k) is the adjacency matrix of a path with k edges together will some

isolated vertices if k < n − 1. Then there is a (k + 1) × (k + 1) principal submatrix Â of A

corresponding to the path, and x̃ = (xi1 , . . . , xik+1
)t, where i1, . . . , ik+1 are distinct elements in

{1, . . . , n}, and a permutation P ∈Mk

xtAx = x̃tÂx̃ ≤ x̃tP tĤkPx̃ ≤ xtHkx

by Proposition 2.3, where Ĥk is the leading principal submatrix of Hk of size k + 1.

Suppose A ∈ S(n, k) corresponds to a graph with at least 2 disjoint paths. Let A1 and A2

be two principal submatrices of A corresponding to disjoint paths with p − 1 edges and q − 1

edges, respectively. Then there are two vectors v1 = (xi1 , . . . , xip)
t and v2 = (xj1 , . . . , xjq)

t such

that (i1, . . . , ip) and (j1, . . . , jq) are increasing subsequences of (1, . . . , n) with no common terms

satisfying

xtAx = vt1A1v1 + vt2A2v + ∆,

where ∆ is the sum of the rest of the terms in the quadratic form. Suppose ip ≤ jq. Then

xtAx = vt1A1v1 + vt2A2v + ∆

≤ 2(xi1xi2 +

p∑
`=3

xi`−2
xi`) + 2(xj1xj2 +

q∑
`=3

xj`−2
xj`) + ∆

≤ 2(xi1xi2 +

p∑
`=3

xi`−2
xi`) + 2(xj1xj2 +

q−1∑
`=3

xj`−2
xj` + xjq−2xip) + ∆

= xtÃx,

where Ã ∈ S(n, k) is obtained from A by replacing the two principal submatrices A1 and A2 by Ã0

corresponding to a path with p+ q − 2 edges connecting the vertices

ip−1, ip−3, . . . , ip−2, ip, jq−2, jq−4 . . . , jq−3, jq−1.

If Ã corresponds to a graph with a single path, then xtÃx ≤ xtHkx. Otherwise, we can repeat the

argument to show that xtÃx ≤ xtÂx where Â has one fewer path. Repeating this process, we see

that xtAx ≤ xtBx for some adjacency matrix B corresponding to a graph consisting of a path with

k edges. By the conclusion in the first paragraph of the proof, we see that xtBx ≤ xtHkx.
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For any A ∈ S(n, k), there is a nonnegative eigenvector x of unit length such that

λ1(A) = x∗Ax ≤ x∗P tHkPx ≤ λ1(Hk),

where P is a permutation matrix so that Px has entries arranged in descending order. The last

assertion follows.

Next, we determine the optimal quadratic form of an adjacency matrix of a weighted path.

Theorem 3.2 Let a1 ≥ · · · ≥ an−1 > 0, and let

A = a1(E12 + E21) +
∑n−1

j=2 aj(Ej−1,j+1 + Ej+1,j−1) =



0 a1 a2

a1 0 0 a3

a2 0 0 0
. . .

a3 0 0 0 an−1

. . . 0 0 0
an−1 0 0


.

Then for any x = (x1, . . . , xn)t with nonnegative entries arranged in descending order, and for any

permutation matrix P , we have

xtAx ≥ xtP tAPx.

Consequently, if σ is a permutation of (1, . . . , n− 1), and

Aσ = aσ(1)(E12 + E21) + · · ·+
n−1∑
j=2

aσ(j) (Ej−1,j+1 + Ej+1,j−1) ,

then

r(A) ≥ r (Aσ) ;

the equality holds if and only if A = Aσ.

Note that Aσ in the above theorem can be expressed as
∑n−1

j=1 γjAj , where

• γj = aj − aj+1 for j = 1, . . . , n− 2, γn−1 = an−1,

• An−1 = (E12 + E21) +
∑n−1

j=2 (Ej−1,j+1 + Ej+1,j−1), and

• Aj is obtained from Aj+1 by removing a pair of ones in two symmetric positions for j =

n− 2, . . . , 1.

For example,

A =


0 3 8 0 0
3 0 0 1 0
8 0 0 0 5
0 1 0 0 0
0 0 5 0 0

 =


0 1 1 0 0
1 0 0 1 0
1 0 0 0 1
0 1 0 0 0
0 0 1 0 0

+2


0 1 1 0 0
1 0 0 0 0
1 0 0 0 1
0 0 0 0 0
0 0 1 0 0

+2


0 0 1 0 0
0 0 0 0 0
1 0 0 0 1
0 0 0 0 0
0 0 1 0 0

+3


0 0 1 0 0
0 0 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 .

Thus, Theorem 3.2 can be restated and proved in the following equivalent form.
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Theorem 3.3 Suppose An−1 is the adjacency matrix of a length n− 1 path joining n vertices, and

Aj is obtained from Aj+1 by removing a pair of ones in two symmetric positions for j = n−2, . . . , 1.

Let H1, . . . ,Hn−1 be defined as in (3.1). Then for any vector x = (x1, . . . , xn)t with x1 ≥ · · · ≥
xn > 0, and any nonnegative numbers γ1, . . . , γn−1,

xt

n−1∑
j=1

γjHj

x ≥ xt
n−1∑
j=1

γjAj

x. (3.2)

Suppose γn−1 > 0 and x is the Perron vector for
∑n−1

j=1 γjHj, the equality holds if and only if

n−1∑
j=1

γjHj =

n−1∑
j=1

γjAj .

Proof. The inequality (3.2) follows from Theorem 3.1. To prove the last assertion, suppose

γn−1 > 0 and x is the Perron vector for Ĥ =
∑n−1

j=1 γjHj . Then

xt

n−1∑
j=1

γjHj

x = xt

n−1∑
j=1

γjAj

x. (3.3)

only if γjx
tHjx = γjx

tAjx for all k = 1, . . . , n− 1.

Let us first analyze the Perron vector x = (x1, . . . , xn)t where x1 ≥ · · · ≥ xn > 0. Let

ak = γk + · · ·+ γn−1 for k = 1, . . . , n.

1. Writing xtĤx = 2(a1x1x2 + a2x1x3 + a3x2x4 + ∆), we see that if x1 = x2 then a2x3 = a3x4

and hence x3 = x4 and a2 = a3.

In fact, if a2x3 > a3x4, then for x̂1 =
√
x21 + ε and x̂2 =

√
x22 − ε with a sufficiently small

ε > 0, we have

a1x̂1x̂2 + a2x̂1x3 + a3x̂2x4 > a1x1x2 + a2x1x3 + a3x2x4,

contradicting the fact that xtĤx ≥ ytĤy for all unit vector y.

We will use a similar reasoning in the next few cases.

2. Writing xtĤx = 2(an−2xn−3xn−1+an−1xn−2xn+∆), we see that if xn−1 = xn then an−2xn−3 =

an−1xn−2 and hence xn−3 = xn−2 and an−2 = an−1.

3. Writing xtĤx = 2(ai−1xi−2xi + ai+1xixi+2 + aixi−1xi+1 + ai+2xi+1xi+3 + ∆), we see that if

xi = xi+1 then ai−1xi−2 + ai+1xi+2 = aixi−1 + ai+2xi+3 and hence xi−2 = xi−1, xi+2 = xi+3,

ai−1 = ai and ai+1 = ai+2 for i = 2, . . . , n− 3

4. Writing xtĤx = 2(an−3xn−4xn−2 + an−1xn−2xn + an−2xn−3xn−1 + ∆), we see that it is

impossible to have xn−2 = xn−1.
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5. If ai = ai+1 then the partial sum ai+1xixi+2 + aixi−1xi+1 will be greater if we replace

(xi−1, xi, xi+1, xi+2) by(√
(x2i−1 + x2i )/2,

√
(x2i−1 + x2i )/2,

√
(x2i+1 + x2i+2)/2,

√
(x2i+1 + x2i+2)/2

)
,

for i = 2, 3, . . . , n− 2.

We can deduce the following:

(a) If n is even and a1 ≥ a2 = a3 ≥ a4 = a5 ≥ · · · ≥ an−2 = an−1, then x1 = x2 > x3 = x4 >

x5 = x6 > · · · > xn−1 = xn.

(b) If n is odd and a1 = a2 ≥ a3 = a4 ≥ a5 = a6 ≥ · · · ≥ an−2 = an−1, then x1 > x2 = x3 > x4 =

x5 > · · · > xn−1 = xn.

(c) If n is even and a2k 6= a2k+1 for some k, or n is odd and a2k−1 6= a2k for some k, then

x1 > x2 > · · · > xn.

Translating the above observation in terms of γ’s, we have:

If γn−2 = γn−4 = γn−6 = · · · = 0, then xn = xn−1 < xn−2 = xn−3 < · · · .
Otherwise, we have x1 > x2 > · · · > xn.

If γj = 0 then γjHj = γjAj . If γj 6= 0 then xtHjx = xtAjx, hence Aj must be an adjacency matrix

to attain the maximum, and the 1’s have to be assigned to the edges corresponding to the largest

xixj ’s, and thus Hj = Aj .

We have the following simple corollary.

Corollary 3.4 Suppose we are going to assign weights a1 ≥ a2 ≥ · · · ≥ an−1 ≥ 0 to a collection of

paths of different lengths in order to maximize the numerical radius of the adjacency matrix, then

we should assign the largest aj’s to the path with maximal length in the way as in Theorem 3.2.

3.2 Weighted Cyclic Matrices

We can determine the optimal quadratic form of an adjacency matrix of a weighted cycle. In this

subsection, we always assume that n ≥ 3.

Theorem 3.5 Let a1 ≥ · · · ≥ an > 0, and let

A = a1(E12 + E21) +

n−1∑
j=2

aj(Ej−1,j+1 + Ej+1,j−1) + an(En−1,n + En,n−1)

=



0 a1 a2

a1 0 0 a3

a2 0 0 0
. . .

a3 0 0 0 an−1

. . . 0 0 an
an−1 an 0

 .
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Then for any x = (x1, . . . , xn)t with nonnegative entries arranged in descending order, and for any

permutation matrix P , we have

xtAx ≥ xtP tAPx.

Consequently, if σ is a permutation of (1, . . . , n), and

Aσ = aσ(1)(E12 + E21) + · · ·+
n−1∑
j=2

aσ(j) (Ej−1,j+1 + Ej+1,j−1) + aσ(n)(En−1,n + En,n−1),

then

r(A) ≥ r (Aσ) ;

the equality holds if and only if A = Aσ.

We can reformulate Theorem 3.5 and prove it using Theorem 3.3. We will make use of the

matrices H1, . . . ,Hn−1 in (3.1) together with the matrix

Hn = Hn−1 + En−1,n + En,n−1 =



0 1 1
1 0 0 1

1 0 0 0
. . .

1 0 0 0 1

. . . 0 0 1
1 1 0

 . (3.4)

Theorem 3.6 Suppose An is the adjacency matrix of a cycle joining n vertices, and Aj is obtained

from Aj+1 by removing a pair of ones in two symmetric positions for j = n−1, . . . , 1. Let H1, . . . ,Hn

be defined as in (3.1) and (3.4). Then for any vector x = (x1, . . . , xn)t with x1 ≥ · · · ≥ xn > 0, and

any nonnegative numbers γ1, . . . , γn,

xt

 n∑
j=1

γjHj

x ≥ xt
 n∑
j=1

γjAj

x. (3.5)

Proof. By Theorem 3.3,

xt

n−1∑
j=1

γjHj

x ≥ xt
n−1∑
j=1

γjAj

x

and

xtAnx = x̃tAn−1x̃+ 2xn

n∑
j=1

xj − 2nx2n ≤ x̃tHn−1x̃+ 2xn

n∑
j=1

xj − 2nx2n = xtHnx,

where x̃ = (x1 − xn, . . . , xn−1 − xn, 0)t. Thus, xt
(∑n

j=1 γjAj

)
x ≤ xt

(∑n
j=1 γjHj

)
x.

We have the following corollary similar to Corollary 3.4
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Corollary 3.7 Suppose we are going to assign a1 ≥ a2 ≥ · · · ≥ an ≥ 0 to a collection of cycles

of different lengths in order to maximize the numerical radius of the adjacency matrix. Then we

should assign the largest aj’s to the cycle with minimal size in the way as in Theorem 3.6.

Proof. It suffices to show that r(An) ≤ r(An−1) where

Ak = a1(E12 + E21) +

k−1∑
j=2

aj(Ej−1,j+1 + Ej+1,j−1) + ak(Ek−1,k + Ek,k−1).

To this end, we see that the Perron eigenvalue of An is of the form

R = 2(an−1xn−2xn + anxn−1xn + ∆)

where x1 ≥ · · · ≥ xn−2 ≥ xn−1 ≥ xn > 0 and x = (x1, x2, . . . , xn)t is the Perron vector. Note that

R ≥ 2an (consider the vector 1√
n

(1, . . . , 1)t).

Now consider a unit vector y = 1√
1−x2n

(x1, x2, . . . , xn−1)
t and calculate the quadratic form

S = ytAn−1y = 2

(
1

1− x2n
(an−1xn−1xn−2 + ∆)

)
= 2

(
1

1− x2n
(an−1xn−1xn−2 +R/2− an−1xn−2xn − anxn−1xn)

)
.

We have

1

2
(1− x2n)(S −R) = 2−1Rx2n + an−1xn−1xn−2 − an−1xn−2xn − anxn−1xn

≥ anx
2
n + an−1xn−1xn−2 − an−1xn−2xn − anxn−1xn

= (an−1xn−2 − anxn)(xn−1 − xn)

≥ 0.

Thus the Perron eigenvalue of An−1 is larger.

3.3 Solution of Problem B

Using the results in Subsections 3.1 and 3.2, we have the following.

Proposition 3.8 For a1 ≥ a2 ≥ · · · ≥ an ≥ 0, let W1 = [a1],

W2 =

(
0 a1
a2 0

)
, W3 =

 0 a1 0
0 0 a2
a3 0 0

 , · · · , Wn =



0 an−2

0 an−4

0
. . .

. . . a1

0
. . .

. . . an−3

0 an−1

an 0


,
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S1 =

(
0 a1
0 0

)
, S2 =

0 a1 0
0 0 a2
0 0 0

 , · · · , Sn−1 =



0 an−2

0 an−4

0
. . .

. . . a1

0
. . .

. . . an−3

0 an−1

0 0


.

Then

a1 = w(W1) ≥ w(W2) ≥ · · · ≥ w(Wn) ≥ w(Sn) ≥ w(Sn−1) ≥ · · · ≥ w(S1) =
a1
2
.

Proof. A direct computation shows that a1 = w(W1) ≥ w(W2) ≥ w(W3). By Corollary 3.7, we

have w(W3) ≥ · · · ≥ w(Wn).

Since (Sn + Stn) can be viewed as a principal submatrix of Wn+2 + W t
n+2 by setting an+1 =

an+2 = 0, it follows that w(Wn+2) ≥ w(Sn).

By Corollary 3.4, we have w(Sn) ≥ w(Sn−1) ≥ · · · ≥ w(S1) = a1
2 . The result follows.

We are now ready to present the solution of Problem B. Note that in the following result,

weighted cycle can be of length 2 in contrary to the situation in Subection 3.5.

Theorem 3.9 Suppose A ∈Mn is a matrix with at most one entry in each row and each column.

Construct a sequence of nonnegative number d1 ≥ d2 ≥ · · · corresponding to the the magnitudes

of the nonzero entries of A. Denote by Aσ the matrix obtained from A by permuting its nonzero

entries using the permutation σ.

If all dj’s are equal, then w(Aσ) = w(A) for any permutation σ of the nonzero entries of A.

Otherwise, suppose d1 = · · · = dk > dk+1 for some positive integer k. Then one of the following

holds depending on the decomposition of A described in Proposition 2.2.

(1) Suppose A has a nonzero diagonal entry. Then Aσ attains the maximum numerical radius

equal to d1 if and only if Aσ has a diagonal entry with magnitude d1 or Aσ has a principal

submatrix of size m ≤ k corresponding to a weighted cyclic matrix with all entries having

magnitude d1.

(2) Suppose A is a direct sum of weighted cyclic matrices, weighted shift matrices, and possibly

an additional zero matrix, such that the smallest weighted cyclic matrix has size m. Then Aσ

attains the maximum numerical radius equal to w(B), where

B = d1+d2
2

(
0 1
1 0

)
if m = 2 and B = 1

2



0 d1 d2
d1 0 0 d3

d2 0 0 0
. . .

d3 0 0 0 dm−1

. . . 0 0 dm
dm−1 dm 0


if m ≥ 3,
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if and only if Aσ has a principal submatrix Ã which is a weighted cyclic matrix satisfying one

of the following conditions.

(a) |Ã|+ |Ã|t is permutationally similar to 2B.

(b) Ã has size less than or equal to k and all its nonzero entries have magnitudes d1.

(3) The nonzero direct summands of A are all weighted shift matrices, and the largest one has

size `. Then Aσ has maximum numerical radius equal to w(B) with

B =
1

2



0 d1 d2
d1 0 0 d3

d2 0 0 0
. . .

d3 0 0 0 d`−1

. . . 0 0 0
d`−1 0 0


if and only if Aσ has a principal submatrix Ã such that |Ã|+ |Ã|t is permutationally similar

to 2B.

Thus, we have the following general strategy for permuting entries of A ∈ Mn described in

Problem B to maximize the numerical radius.

• If A has a nonzero diagonal entry, exchange it with an entry with maximum magnitude.

• If A has no nonzero diagonal entries, search for a principal submatrix Ã corresponding to a

weighted cyclic matrix of minimum size, say, m; exchange its entries by those with largest

magnitudes and arrange the entries so that the resulting matrix has the maximum numerical

radius as in Theorem 3.6.

• If the direct summands consist of weighted shift matrices only, then choose the one with

maximum size, exchange its entries with entries in A with largest magnitudes and arrange

the entries so that the resulting matrix has the maximum numerical radius as in Theorem

3.2.

4 Further remarks and open questions

4.1 Remark on infinite dimensional case

In [2], the authors consider the permutation of the entries of a unilateral weighted shift operator

T =
∑∞

j=0 aj(·, ej+1)ej , or a bilateral weighted shift operator T =
∑∞

j=−∞ aj(·, ej+1)ej , to get the

maximum numerical radius. In either case, they use the weights of the operator T to construct a

nonnegative non-increasing sequence {d1, d2, . . . } as follows. If there are k terms in {|a1|, |a2|, . . . }
with 0 ≤ k ≤ ∞ larger than lim sup{|ai| : i = 1, 2, . . . }, then arrange the k terms in descending

order and set them as d1 ≥ · · · ≥ dk, and set dj = lim sup{|ai| : i = 1, 2, . . . } for all j > k if k <∞.

They showed that the maximum numerical radius one can get is equal to w(T̃ ) with

T̃ =

∞∑
j=0

d2j+1(·, ej+1)ej +

∞∑
j=1

d2j(·, e−j+1)e−j .
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In fact, if we depict the operator matrix of T̃ using the ordered basis {e0, e1, e−1, e2, e−2, . . . } or

{e0, e−1, e1, e−2, e2, . . . }, then the matrix Tσ attaining the maximum numerical radius has the form

1

2



0 d1 d2
d1 0 0 d3

d2 0 0 0
. . .

d3 0 0 0

. . . 0 0

 ,

which can be viewed an extension of the result in finite dimensional case in Theorem 3.2.

One easily adapts our results to T ∈ B(H), whose operator matrix with a suitable countable

orthonormal basis has at most one entry in each row and each column so that it is a direct sum of

finite cycles, paths (finite or infinite), and diagonal operator (finite or infinite).

4.2 Additional results for matrices

The following was proved in [3, Theorem 2.1].

Theorem 4.1 Suppose A is the adjacency matrix of a tree. Then there is a permutation P such

that

xtP tAPx ≥ xtQtAQx

for any permutation matrix Q and any nonnegative vector x with entries arranged in descending

order if and only if P tAP = U + U t with

U = e1
( ∑
1<j≤d1

ej
)t

+ e2
( ∑
d1<j≤d2

ej
)t

+ · · ·+ ek
( ∑
dk−1<j≤dk

ej
)t
,

where d1 < · · · < dk = n and dj − dj−1 ≥ dj+1 − dj for j = 1, . . . , k − 1.

Note that the nonzero rows of U always add up to the vector (0, 1, 1, . . . , 1), and dj − dj−1 ≥
dj+1 − dj simply means that the row sums of U is non-increasing. For example, we may have

A = U + U t with

U =


0 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 .

By Theorem 4.1, if there is no permutation matrix P such that P tAP has the described form,

then for different nonnegative vector with entries in descending order, one needs to choose different

Q so that xtQtAQx attains the maximum among all choices of permutation matrix Q.

For example, if G is obtained by the path 1 − 2 − 3 − 4 − 5 adding a vertex 6 connected to 2.

Then we see that different vector x may lead to different optimal weight assignment. For example,

for x = (7, 6, 5, 4, 3, 2), we should assign (4, 7, 6, 5, 2, 3) or (3, 4, 6, 5, 2, 4), where vertex 4 is the third

largest; for x = (10, 5, 4, 3, 2, 1), we should assign (4, 10, 5, 2, 1, 3) or (3, 10, 5, 2, 14), vertex 4 is the

second smallest.
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On the other hand, there may be different permutation matrix P such that P tAP has the

described form. Then for each of these matrices P , xtP tAPx will give the maximum values among

all choices of permutation matrices.

For a weighted tree having the structure described in Theorem 4.1, we have the following.

Proposition 4.2 Suppose A = U +U t, where U is in upper triangular form described in Theorem

4.1. For any nonnegative numbers a1 ≥ · · · ≥ an−1, we can obtain Ũ t from U t by replacing the jth

column by
∑

dj−1<r≤dj arer. Then the resulting matrix Ã = Ũ + Ũ t satisfies

xtÃx ≥ xtAσx

for any other assignment of the nonzero entries in A by the a1, . . . , an−1 (in the symmetric posi-

tions).

The following observation is clear.

Proposition 4.3 Let a1 ≥ · · · ≥ an−1. For any nonnegative vector x with nonnegative entries

arranged in descending order,

xt

 n∑
j=2

aj−1(E1j + Ej1)

x ≥ xtAx

for any adjacency matrix A corresponding to a weighted tree with weights a1 ≥ · · · ≥ an−1.

In connection to our study, it would be interesting to study the following general problem.

Problem D Given a matrix A = (aij) ∈ Mn, determine the permutation(s) of its entries to

maximize/minimize its spectral radius, numerical radius, or spectral norm.

One may consider special classes of matrices such as adjacency matrices of some special graphs,

companion matrices, the complementary basic matrices defined by Fielder [4] (see also [5]).

It is also interesting to study the minimization problems on quadratic forms and numerical

radius.

Problem E Let A ∈ Mn be a real matrix with some special structure, and let x = (x1, . . . , xn)t

be a real vector with entries arranged in descending order. Determine the permutation matrices P

such that xtP tAPx attain its minimum.

Problem F Let A ∈ Mn with some special structure, say, each row and each column has at most

one nonzero entry. Determine the permutations of its nonzero entries that yield the minimum

eigenvalue.
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