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Objectives

e Give a gentle introduction to quantum information and quan-
tum computing using elementary linear approach and some

selected topics.

e Hopefully, you will get a general idea how to use quantum ap-
proach with the Hilbert space (linear algebra) formalism to study

and do research in
* quantum information, quantum computing, and

* related problems (biology, Al, image processing, etc.)



Textbook, lecture notes, discussion, etc.

e Nakahara and Ohmi, Quantum computing: From Linear Algebra
to Physical Realizations, CRC Press, Taylor and Francis Group,
New York, 2008.

e Supplementary notes and class notes will be posted on course

websites.
e Discussions could be put on the chat, or sent tJ qc1979.ckli@gmail.com. ‘




Chapter 1 Basic Linear Algebra

e In this chapter, we will present the basic matrix theory tools

needed in our discussion.

e In fact, “Matrix Mechanics” was a formulation of quantum me-
chanics by Werner Heisenberg, Max Born, and Pascual Jordan
(1925).

e John von Neumann formalized the mathematical framework, and
used the Hilbert space approach to understand some basic quan-

tum phenomena.

e [ will use a “pseudo quantum mechanical” approach to describe

the relevant linear algebra concepts and physics notation at the
beginning before we introduce the postulates of quantum mechan-

1CS.



§1.1 Vectors O ' ﬁ
e Consider a photon, which has two (classical) states: vertical and / /(\
horizontal polarization. o — L , , I/l \

—_ L v’

e One may think about the Schrodinger cat, which is either alive
and dead in the physical world. —

—
( 2 -~
e Simple mathematical model would use k "0, /
A { o+ ] > O

0 and 1 to represent the two states. 7)
————

e In quantum physics, we use the/n{t Vectﬁ“ ( é)ﬁ( ?) ,
0) = ((1)) and |1) :%epresent the st;ea l ()>§ ( 0 '\>:((') )

e A photon in Wum environment has the form
~——

) = @with a,b € C such thaj la]? + |b]* = 1.' m
g
@ote at' we have to use corm —_—




e In general, we use complex n x 1 column vectors (of length 1) to

—

represent a‘quantum state with n physical states.

e C" is a vector space under gdition and scalar multiplication.

™ 2
e We use the Dirac notation, a~column“ecto is called a
ket-vector andm /19? the corresponding bra-vector, which is row

vector equal Tothe conjugate transpose of [y,




Linear independent vectors and basis

e Linearly independent/dependent

ISR
. e (LT
is linearly independent if the lin- ' 7. _ ‘\
o
0
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A set of vectors {|v1), ..., |vm)

crlvr) + -+ Cmlvm) \/ \/

equals to the zero vector |0) can only happen when

ear combination
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(c1,--yem) =(0,...,0). -
ki) (G

Else, it is lihe - "\-
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e Linear independence can be checked by studying the homoge- | - O

neous system of linear equations

Alz) = [0)  with A= [Jvy) - |vm)]-
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Basis and dimensions

by g

e A basis B for age\’l%r'space Visa linearl{y independent generating

R R

set of linearly independent set such that every vector

in V can be written as a linear combination of vectors in B.

e There are difterent basis for V, but their

he same. The size of the basis is the di
N —_—— e e
e[ In C", any linearly independent set or any generating set with n -\
vectors is a basis.
e One may check the matrix with these vectors as columns is in-
vertible. b\ ' 'f 7 l {
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Inner produ

e Thei \ duct
® € 1nner\pr uct o,
\/,___. p

a,b e C,lu),|v) € C,
bag) == a(ulvr) + b(ulvs),

e The (inner product) norm of |u) is ||[u)| = (u|u)*/>.
e Two vectors |u), |v) are prthogonal if (u|v) = 0.
Equivalently, (v|u) = 0.

o Aset {|w),..., lug) } € C™ is orthogonal if

heneverz;éj )/( - :\ ) B:' D
If in addition, (u;|u;) = 1, the set ISM /_ / >s 5
) 0 ) / ( J -
? NIIHE '




Orthonormal basis )& / %, “

e It is easy to check {M} C C™is andrthogon érthonormals [0 )’ [- l }/
set, namely, the nx k ma = [|x1) - - - |7p)] satisfies XTX = I,
because the (r,s) entry X is (v,|z,). 7\1) X A

® CS

s_aector |v) as a linear bination of or-
g T= ST ey
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Gram-Schmidt orthonormalization process 7& v

Let ..y |Tm))} be linearly independent.

/
We ¢ ollowing (Gram-Schmidt process to constfu
thonormal set m such that
Jzed= - lee)t

span{|z1), zo)="span{e,), .

forall/ =1,...,m.
Set |er) = [x1)/[|z1) |- \?7_>: X7 > T 4 I IQ l>

—
For k > 1, set | fi)/||| fx)|l, where

m|el>—“'—ak—l|€kD \£ z) Z .

with a; = (e;|zy).

We can further extend the set to an o.n. basis M\;FLB l\

Let {|y1), ..., |yn)} € C™ be a basis. ‘ )(IB o l v )
w
Find linearly independent columns of the matrix
lew) - lemlon) <[] P

including the first m columns.

Then apply Gram-Schmidt process.

Example Apply Gram- Schmldt to {|m1

Then extend the resul g set t an orthnormal
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Basics of Matrices

e Mixed quantum states are represented by density matrices, i.e.,

positive semi-definite matrices with trace 1.

e Observable / measurement operators correspond to Hermitian

matrices.
e Quantum operations corresponds to unitary matrices.

e So, we need basic knowledge of matrices (relevant to quantum

mechanics).

12



Let M,,,, be the set (vector space/algebra) of m x n complex ma-

trices. If m = n, we let M,, = M,,, .

e The set M,,,, is a vector space under addition and scalar multi-

plication.

e We can multiply A = (a;;) € M,,,,, and B = (b,5) € M, 5, such
that C = AB = (¢,,) € M, with

blq n
Cpq = (a’plv B 7apn) = Z Cbpgbgq.
Bg =1
e If A has rows (4],...,(A,,| and B has columns |By),--- ,|B,),
then
(Ai|B
AB=[AIB) AR = |
(Am|B
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Block matrix multiplication.

o If A= (A;),B = (B,s) such that A, By, is defined. That is, the

number of columns of A,, equals the number of rows of By,.

e If D =diag(dy,...,d,), A has columns |z1),...,|z,), and B has
rows (Y1), ..., (Yn|, then

dy (1]
AD = [dy|ar)---dolz)l, DB=| : |,

dn, <yn|

n

AB =)y, ADB =" djlz;){yl.
j=1

j=1
o If A€ Myn, BEM,;,D=D;&0,_,, then
ADB = A,D,\B,,

where A; is formed by the first ¢ columns of A and Bj is formed
by the first ¢ rows of B.

14



Eigenvalues

e One can compute the eigenvalues and eigenvectors of A € M,,.

e This is done by solving the characteristic equation det(¢t/—A) = 0,

which is a polynomial equation.

For every t satisfying det(t/ — A) = 0, we solve for nonzero vectors
|z) such that A|x) = t|x).

Special classes of matrices
e A c M, is Hermitian if A = AT,
The (i, ) entry of A is the conjugate of the (j,7) entry of A.

o Ac M, is unitary if AT = A7 ie, AAT =1, or Jand ATA = I,,.

The columns of U form an orthonormal basis for C".

e A c M, is positive semidefinite if (z|A|z) > 0 for all |z) € C™.

Equivalently, A is Hermitian with nonnegative eigenvalues.

e A c M, is normal if AAt = ATA.
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Normal matrices: Spectral decomposition & spectral theorem

Theorem A matrix A € M,, is normal if and only if there is a unitary
U = [Ju1) - - |un)] and unitary D = diag (A, ..., A,) such that

A=UDU" =3 \jlug) (o (5.
j=1
That is A has an orthonormal set of eigenvectors {|uy),...,|u,)} for
the eigenvalues Ay, ..., A, so that

Alfur) -+ - fun)) = [fur) - - - [un) ] D.

Theorem Suppose A € M,, is normal in the form (*).
o If k is a positive integer, then A* = 37" | Nluy) (uy].
e If Aisinvertible and k is a positive integer, then A=% = P )\;k |w;) (u;].
o If A has positive eigenvalues, then A” =" | A7|u ) (uy].
o If f is an analytic function, then f(A) = Y7, f(Aj)luy)(uyl.
Corollary Let A € M,,.

e Then A is Hermitian if and only if A is normal with real eigen-

values.

e Then A is unitary if and only if A is normal with eigenvalues on

of modulus 1.

e Then A is positive semidefinite if and only if A is normal (Her-

mitian) with nonnegative eigenvalues.
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Pauli matrices:

(01 (0 =i /1 0
92=\1 0) @ \i o) =7 \o -1/

Remark If A € M, is Hermitian, then
A = (co, ¢z, ¢y, ¢y) - (00,0, 0y, 0,) = Cola + .04 + €40, + ;0

with ¢y, ¢z, ¢y, c. € R.

Example In quantum computing, we often use ¢4, where for a real

unit vector n = (n,,ny, n,) and o = (04, 0y, 0)

n Ng — 1N
A —n-og= (nx’ny’nz) . (Ux70y70z) — (n _|_Z2n .t_n y) y
T Yy z

which has eigenvalues 1, —1 and with eigenprojections

1 [ 1+4+n, ny—in,
P1_5(1+A)_ (nm—i-z'ny 1—nz)

and

1 B 1—n, —ng+in,
P2_§<]_A)_<—nx—iny 1+ n, )

Hence, iaA = iaP, — iaP> and

e = P + e P, = cosal + isinaA.
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Singular value decomposition

Theorem Let A € M,,,,. There are unitary U € M,,, and V € M,,
so that UTAV = ¥ such that the (j,j) entries of ¥ is s; > 0 for

1 <j < min{m,n}, where s? > s2 > .. are the eigenvalues of ATA.
Equivalently, there are positive numbers s; > --- > s, orthonormal
sets {|u1), ..., |ur)} € C™ and {|v1),...,|vr)} € C" such that

k
A=Y siluy) vy,
j=1

Proof. Suppose VTATAV = diag (s2,...,s2) withs; > - > s, > 0.
Then the columns of AV form an orthogonal set. Suppose the first k
columns of AV are nonzero. Then k£ < m. Let |u;) be the ith column
of AV divided by s;, and let U € M,, with the first £ columns equal

to |u1), ..., |ug). Then UTAV =% O

18



11 5 9
Example Let A= [0 0]. Then ATA = ( )
(A

2 2
1 1 4 0
_ L f _
IfV—2ﬁ<1 _1),thenVAAV_(0 0).
2 0 2 0
So,Y=|0 O and AV=1[0 0
0 0 2t 0

1 0 1
We may take U = \% 0 V2 0 | toget UTAV =3
0 —
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Tensor products
Let A = (A;;) and B be two rectangular matrices. Then their tensor

product (Kronecker product) is the matrix
A® B = (AijB).

This is very important. If pi, po are quantum states of two quantum
systems, then p; ® ps is their product state in the bipartite (combined)

system.
Theorem For matrices A, B,C, D of appropriate sizes, the following
properties hold:

(1) (A® B)(C® D) = (AC) ® (BD).

(2) A(B+(C)=ARB+A®C,

(3) (A® B)' = At BT,

4) (A®B)'=A"'® B,

Proof. (1) Let A € M., B € M,,, C € M, and D € M. If
AC = (7,s), then

(A® B)(C ® D) = (ai; B)(c;; D) = (vsBD)
= (v5) ® (BD) = (AC) ® (BD).
(2) AR (B+C) = (A;(B+0))
= (A;B)+ (A;C) =A@ B+ A®C.
(3) Let 75 = Ay Then

(A® B)' = (A;B)" = (v,sB") = A" ® B'.

(4) Note that (A '@ B HY(A®B)=1®1. O

20



Corollary For any matrices A, B, if
RIASI = T17 RQBSQ = T2a

then (Rl &® RQ)(A & B)(Sl X Sg) = T1 X Tg.

Applications.
o Let AcM,,,BeM,. If
STrAS, = Dy, Sy 'BSy = Ds,
where Dy, Dy are diagonal matrices, then
(S1® S2) H(A® B)(S;1 ® S2) = Dy ® Dy

15 a diagonal matriz.
*If A, B are normal, we may assume that Sy, Ss be unitary.
*If Alug) = pilwg) for 1 <i <m, and Blv;) = v,|v;) 1 <j <n,
then
(A® B)(Juiv;)) = pavsluivg),
where |uv;) = |u;) @ |vj).
e [f A, B are rectangular matrices with singular decomposition
A =3 ailu){vi| and B =375 bjlz;){y;l,

then
AR B = Z aibjluiz;) (viy;|

T8

1s the singular value decomposition of A ® B.
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