Bipartite and multipartite systems

A system may have two components described by two Hilbert
spaces Hi and Hs. Then the bipartite system is represented by
H =Hi1 ® Ho. A general state in H has the form

) = " cijler) ®leay)  with Y eil* =1,
i

(2
where {l|e;1),|er2),...} is an orthonormal basis for #, with r €
{1,2}.
Then {|eie2;) i =1,2,...,5 =1,2,...} is an orthonrmal basis for
Hi @ Ho.

Example For example, C? has orthonormal basis {|0),]1)} wi

of the 4 columns of the identity matrix 1.
Similarly, C? ® C? ® C? has orthonormal basi
consisting of the columns of Ig.

In general, if U = [|uy) - - - [um)] such that the colutns of U form |'© ‘)

an orthonormal basis for C™, and V' #= [|v1)---|vp)] such that the
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columns of V' form an orthongrmal bagis for C", then the coluins of
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Separable states, entangled states, Schmidt decomposition

A state of the form |x) = |z1)®|z2) is a separable state or a tensor

product state. Otherwise, it is an entangled state. ( ﬁ & C
Example Let .
v v VvV

|x) = c0]00) + co1|01) + ¢10]10) + ¢11|11) =

Answer Check whether the rows of the matrix C =

multiples of each other. If yes, we can write C' = ( (by bo)t for

a2

some unit vectors |u) =47, a2)t, |v) = (b1, b2)t. Then |z) = |u) @ |v).

If not, |z) is entang

Remark Most Atates in Hi ® Ho are entangled states, which are
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Theorem Suppose H1,Ho have finite dimensions, say, m and n. 6’57
Ever atﬁ in H1 ® Ho admits a Schmldt decomposition Q. -\ g NV\""
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r is the Schmidt number of |z), {|u1),...,|u,)} is an orthonormal

set of H; and {|v1),...,|vr)} is an orthonormal set of Ha. / N C"‘a Ch
- l

Proof. As\s%e M1 and Ha orthonormal bases {|ei1,...,|e1m)}
and {|e21,...Y]e2n)}. Every state has the form
C7 w A

= = X(G)e W) | C
If C has rank one, ther] C' = |(g Wha‘c (o 2

C Zlu) ® |v) with u) =737 djldu) and Jo) = 35, blez). : -

/@use |z)|| = 1, we may assume that|(ay, ..., am,)" and (b1, ..., b,)" ) T //

are unit vectors and so are |u), |v).

where s; > 0 are the Schmidt coefficients satisfying Z; s = 1

In general, suppose C' = [¢;;] has si

r
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where C; = |a;)(8;]| for jk% \>
One can then use C} e coefficient matrix of |z;) to construct S V) 5
J
Yo

tensor state |z;) = |u;) ® |v;) so that v




Example Suppose |z) = ]]el ie2.;) € C? ® C? with

.UDW =dy| ? v1> + dzéuQ v i)
where

1
1 1 1 _1400 1
U_7§(z‘ i) Poslos o) V|

Then A :
Val sl USYA &) QUC)
) )

|z
where
|’U,1> = (17i)t/\/§7 ‘uQ = (17 —i t/\/§7

|’l)1> = (17 170)t/\/§7 ‘U2> = (0707 1)t l @ RV\ @ ‘
Remark Extending the results to Hi ® - - - ® Hy, for k > 3 is an open ” @

problem.




No-cloning theorem

Theorem (Wootters and Zurek) An unknown quantum system can- 6( ( )
not be cloned by unitary transformations.

\.

Proof. Suppose there would exist a unitary transformatign U that— M W.:_ ‘f
makes a clone of a quantum system. Namely, suppo acts, for l/l VI "].
any state |), W . - {’ >

D YD) ) i)
two states that are li ly indepéndent. Then
1, .l
4= | x>
] v

|¢¢> by definition. Then
If U were a cloning transformati {X ( 7( XB

U[4p0) = R
T ———/—j’_\j‘ (xz 7(?2\;0

which contradicts the previous result. Therefore, there does not exit F\/
I
-— 4
o
o

a unitary cloning transformation. O

Remark There is proof using the fact that information cannot be

0
(4
trahsmitted faster t ight speed See the supplementary not J : l _f o

N

b
/
[
v

10



Qubits

v

Mathematically, qubit is a vector in |z) = a|0) + b|1

( A >
C? with |a|? + |b|? realized by physical quantum states such as 17
the vertically and horizontally polarized photons, or spin 1/2

in NMR system.

— Y o=/ & -
Note that measurement will give |0) or |1) even a qubit can 1) \

assume infinitely many states. The probability for the mea-

surement on |x) yielding |0) is (z|(|0){(0])|z) = |a|?. /\
~_ — Y
Even if we can get the information |a] and [0] by measuring l I | ( 4
many identical |x) if it is available, we cannot get—complete —
information of |x)(z|. _— - H ¢ C '/

Using the measyréble stae§ Y1 _=A0)(0[, 2 —

te” get
, we have the “diﬁo@l les” / l —

tain comfplete information of |x)(z|,we may ap-
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Bloch sphere and Bloch ball

Since two unit vectors |r) and e’|z) represent the same quantum
state, it is convenient to use the rank one orthogonal projection p =
|x) (x|, which will be called a pure state, to represent the state.

More generally, one may congider the mixed state p € M, of

form

with probability vector (p1, ..., p,) and pure states |x1)(z1],. . ., |x) (2]

For qubits, a mixed state has the form

1( ) 1( ) z, \/
1 +u-o oo +uyo1 + ugo2 + uso
P 9 2 9 0 101 202 303

with Ju| = /uf +uj +uj < 1. f\(. (K"p %
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Multi-qubit systems and entangled states
Given n qubits |z1), ..., |z,), we can consider the tensor product
1) ® -+ ® |z,) € CN with N = 2". Most state vectors

Z Qi [Tiy) ® -+ @ |24,) € cN
ip=0,1

are entangled state vectors, which are not of the tensor form.

Notation We often assume |z;) € {|0),|1)}, and regard , @ , >
3> = oI,

|lz) = |2y - @i,) = |gn-1-""q0)

as a binary number, and G v

ix=0,1

Example
’ o ! 2D

) :% i) = 2(/00) + 01) + [10) + [11))
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In quantum computing, e 3‘“3‘1@; quntum operalion_o % N4 s/
the form: A4/ pr——— N
0% 3 k1) ‘:f: 20 N S0 \R
=5 | . ’ ,

For example, if f( (1) =1, there 18 U such that

—
—

1/ ujooy=[o1), [ . _ N

———

Ahefe—arg Thany choices 0T
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