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Simple Quantum Algorithms

Before we start presenting “useful” but rather complicated quantum algo-
rithms, we introduce a few simple quantum algorithms which will be of help
for readers to understand how quantum algorithms are different from and
superior to classical algorithms. We follow closely Meglicki [1].
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5.1 Deutsch Algorithm

The Deutsch algorithm is one of the first quantum algorithms which showed
quantum algorithms may be more efficient than their classical counterparts.
In spite of its simplicty, full use of the superposition principle has been made
here.

Let f: {0,1} — {0,1} be a binary function. Note that there are only four
possible f, namely

fi:0—0,1—0, fp:0—1, 1—1,
fa:0—0,1—1, f4:0—1 1—0.
The first two cases, f1 and fa, are called constant, while the rest, f3 and fa,
are balanced. If we only have classical resources, we need to evaluate f twice
to tell if f is constant or balanced. There is a quantum algorithm, however,
with which it is possible to tell if f is constant or balanced with a single
evaluation of f, as was shown by Deutsch [2].

Let |0) and |1) correspond to classical bits 0 and 1, respectively, and consider
the state |1o) = &(|00) —|01) +|10) — [11)). We apply f on this state in terms
of the unitary operator Us : |z,y) — |z,y ® f(z)), where @ is an addition
mod 2. To be explicit, we obtain

1) = Uslto)
— 10,400~ 10,10 FO)) +I1, £1)) = 11,10 (1)

= 2000, FO)) ~ 10,~F(0)) + [L, F(1)) = [1,~F (D))

whére — stands for negation. Therefore this operation is nothing but the
CNQT gate with the control bit f(x); the target bit y is flipped if and only if
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100 QUANTUM COMPUTING

f(z) =1 and left unchanged otherwise. Subsequently we apply a Hadamard
gate on the first qubit to obtain

|%2) = (Un ® I)[3hr)
1
=273 [(10) + 1)) (17 (0)) = [=£(0))) + (10) — [1))(1£(1)) — [~F (1))

The wave function reduces to

1
[42) = —50)(17(O) - [~/O) 5.1
in case f is constant, for which |£(0)) = |f(1)), and
[a) = IO - [~fO)) 52

if f is balanced, for which |=f(0)) = |f(1)). Therefore the measurement of
the first qubit tells us whether f is constant or balanced.

Let us consider a quantum circuit which implements the Deutsch algorithm.
We first e -Hadamard transformation Wy = Uz ® Uy on |01) to
0§ introduce a conditional gate U f, i.e., the controlled-

N gatd with thee contrpl bit f(z), whose action is Uy : |z,y) — |z, y® f(z)). /Z- j
. ' '/ 4

& Ha &Ijlayd gate fis applied on the first qubit before it is measured.
1‘65.D epict thip iynplementation.
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ry matrix Uy and asks you to tell if f is constant or balanced
Instead of applying |0) and |1) separately, you may construct the circuit in
Fig. 5.1 with the given matrix U 7 and apply the circuit on the input state
|01). Then you can tell your friend whether f is constant or balanced with a
single use of Uy.
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5.2 Deutsch-Jozsa Algorithm and Bernstein-Vazirani
Algorithm

The Deutsch algorithm introduced in the previous section may be generalized
to the Deutsch-Jozsa algorithm [3].

Let us first define the Deutsch-Jozsa problem. Suppose there is a binary
function

f:8,=10,1,...,2" =1} — {0, 1}. (5.3)

We require that f be either constant or balanced as before. When f is constant,
it takes a constant value 0 or 1 irrespetive of the input value z. When it is
balanaced the value f(z) for the half of z € Sy, is 0, while it is 1 for the rest of
2. In other words, [f~2(0)| = |f~*(1)| = 2"~!, where |A| denotes the number
of elements in a set A, known as the cardinality of A. Although there are
functions which are neither constant nor balanced, we will not consider such
cases here. Our task is to find an algorithm which tells if f is constant or
balanced with the least possible number of evaluations of f.

It is clear that we need at least 2"~! + 1 steps, in the worst case with
classical manipulations, to make sure if f(z) is constant or balanced with
100% confidence. It will be shown below that the number of steps reduces to
a single step if we are allowed to use a quantum algorithm.

The algorithm is divided into the following steps:

1. Prepare an (n + 1)-qubit register in the state |1o) = |0)®" ® |1). First
n qubits work as input qubits, while the (n + 1)st qubit serves as a
“scratch pad.” Such qubits, which are neither input qubits nor output
qubits, but work as a scratch pad to store temporary information are
called ancillas or ancillary qubits.

2. Apply the Walsh-Hadamard transforamtion to the register. Then we
have the state

n+1 __1_ "—L —
7 [y1) € UR™" o)—ﬂ—n(\OHll))® ﬁ(10> 1)

2"—1
1

1
- go =) @ —5(10) — ). %}

K }n + 1)st qubit if and only if f(z) = 1 for
- {\ . 'z/ we need a U; gate which evaluates f(z) j ;
+T Shefis Ugla)|e) = |z)|c® f(x)), where |c) is the ofie-qubit s

)qubit. Obser¥e that |c) is flipped if and only,
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unchanged otherwise. We then obtain a state

[vb2) = Ug 1)
= 75 2 [ 5(1@) - 1)
= 75 LDl =(10) - 1), (5.5)

Although the gate U # is applied once for all, it is applied to all the
n-qubit states |z) simultaneously.

- The Walsh-Hadamard transformation (4.11) is applied on the first n

qubits next. We obtain

2" 1
) = (W ® I)|ahn) = 71— 3 (—1>f<m>U§”|w>—j3(lo> — ). (56)

n
2 =0

It is instructive to write the action of the one-qubit Hadamard gate in
the following form,

Uslz) = —j—;(lom—nmu» - % 3 (1),

yE{O,l}
where z € {0,1}, to find the resulting state. The action of the Walsh-
Hadamard transformation on |z) = |2,,_; ... z130) yields
Walz) = (Unlzn-1))(Unlzn-2)) . .. (Unlzo))

1 E (_.,l)mn——l'yn-—1+xn—2yn~2+...+$oy0
1/277/
yn—-l)yn—2)-"yy06{0,1}

X lyn——lyn—2 cas yo)
2™ —1

= = > (-1, (57)
y=0

where Ty =, 1Yn_ 1O Tn_9yn_9®...0 Toyo. Substituting this result
into Eq. (5.6), we obtain

o) = (i (—1>f<w><—1>m'yly>) -1, ©8)

z,y=0

- The first n qubits are measured. Suppose f (z) is constant. Then |i3)

is put in the form

[5) = 5 D (-1)=¥lu) —=(10) 1)

2
w!y
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up to an overall phase. Now let us consider the summation

2" -1
1 :
o (—1)%¥

=0

with a fixed y € S,. Clearly it vanishes since z - y is 0 for half of z and
1 for the other half of z unless y = 0. Therefore the summation yields
6y0. Now the state reduces to

ps) = |o>®”—%<|o> — 1,

and the measurement outcome of the first n qubits is always 00...0.
Suppose f(z) is balanced next. The probability amplitude of |y = 0) in
|b3) is proportional to

2" -1 2" —1

S ()10 = 3 (1) =0,
=0 =0

Therefore the probability of obtaining measurement outcome 00...0 for
the first n qubits vanishes. In conclusion, the function f is constant if
we obtain 00 . ..0 upon the meaurement of the first n qubits in the state
|3), and it is balanced otherwise.

EXERCISE 5.1 Let us take n = 2 for definiteness. Consider the following
cases and find the final wave function |43) and evaluate the measurement
outcomes and their probabilities for each case.

(1) f(z) =1Vz € Sa.

(2) £(00) = f£(01) = 1, f(10) = f(11) = 0.

(3) £(00) = 0, £(01) = f(10) = f(11) = 1. (This function is neither constant
nor balanced.)

The above exercise shows that the measurement gives |00) with probability
1if f is constant and with probability O if balanced. If f is neither constant
nor balanced |ts) is a superposition of several states including |00), which is
attributed to “incomplete” interference.

A quantum circuit which implements the Deutsch-Jozsa algorithm is given
in Fig. 5.2. The gate Uy is called the Deutsch-Jozsa oracle.

The Bernstein-Vazirani algorithm is a special case of the Deutsch-Jozsa
algorithm, in which f(z) is given by f(z) = c -z, where ¢ = ¢p—1Cn—2...Co
is an n-bit binary number [4]. Our aim is to find ¢ with the smallest number
of evaluations of f. If we apply the Deutsch-Jozsa algorithm with this f, we

obtain .
1 m—1

a) = o | 3 (DD | 5(00) = 1)

z,y=0
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We are able to tell what c is by measuring the first n qubits. Note that this
is done by a single application of the circuit in Fig. 5.2.

EXERCISE 5.2 Consider the Bernstein-Vazirani algorithm with n = 3 and
¢ = 101. Work out the quantum circuit depicted in Fig. 5.2 to show that the
measurement outcome of the first three qubits is ¢ = 101.
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5.3 Simon’s Algorithm

The final example of simple quantum algorithms is Simon’s algorithm. Let
us consider a function (oracle) f : {0,1}™ — {0,1}" such that

1. fis 2 to 1; namely, for any z1, there is one and only one zo # z1 such
that f(SUl) = f(.'I)z)

9. f is periodic; namely, there exists p € {0,1}" such that f(zdp) =
f(z), Yz € {0,1}", where @ is a bitwise addition mod 2.

The function f is made of n component functions f : {0,1}* — {0,1} as
f=(f1, fas- - i)

Suppose we want to find the period p, given an unknown oracle f. Since p
can be any number between 00...0 and 11...1, we have to try ~ 2™ possi-
bilities classically before we hit the right number It is shown below that the
number of trials required to find p is reduced to O(n) if Simon’s algorithm is
employed.

The algorithm is decomposed into the following steps:

1. Prepare two sets of n-qubit regiters in the state |t0) = |0)|0). Then the
Walsh-Hadamard transformation W, is applied on the first register to

yield
2" —1

[¥1) = (Wn ® I)|go) = Z |)]0).

9. Tntroduce n controlled-NOT gates with control qubits fx(z) (1 < k < n)
and the target bit is the kth qubit of the second register. We write

umvl;mj ) Uy :[2)[0) = |2)1 (=),

where |0) is an n-qubit reglster state and | f(z)) = |f1(2))|f2(2)) . . ] |fn(2))-
Linearity implies the state |1)2) after the Uy gate operation on 1) is

2" —1

[4h2) = Z |z)|f (2 (5.10)

3. Now we measure the second register. In fact, we do not need to know
the measurement outcome. What we have to do is to project the sec-
ond register to a certain state |f(zo)), for example. After one of these
operations, the state is now projected to

ps) = %um + w0 ® )1 (o)), (5.11)

where we noted that there are exactly two states |zo) and |zo © p) that
give the second register state |f(xzo)) in step 2.
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4. Now we apply W, again on the first register to obtain

y
) = 25— 2 [0+ (0= ) o |1 (e

- 5= S RV ()M g @ f ). (5.12)

The inner product p-y takes two values 0 and 1. We immediately notice
that such y which satisfies 1 + (=1)P¥ = 0, namely, p-y = 1 does not
contribute to the summation in Eq. (5.12). Now we are left with

e = %\% LZ <—1)$°'yly>J ® |f(z0)). (5.13)

y=0

. Finally we measure the first register. Upon this measurement, we obtain

ly) such that p-y = 0. Of course, this equation is not enough to identify
the period p. Now we repeat the algorithm many times to obtain

Py1=pYo=...=p yYn=0. (\mod, 2)(5.14)

It should be clear that we need at least n trials since not all equations
are linearly independent. For a sufficiently large number of trials m,
we are able to solve Eq. (5.14) for p classically. The number of trials
necessary for this is O(n) with a good probability.

Figure 5.3 shows the quantum circuit to implement Simon’s algorithm for
the case n = 3.

Simon’s algorithm has been improved so that it may be executed in deter-
ministic polynomial time [6].
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