Math 410 Quantum Computing Notes on Chapter 6

6.1 Quantum Integral Transform

Let S, ={0,...,N — 1} with N = 2" and let K be an N x N complex
matrix with entries K(i,j) with ¢,j € S,. Then K is a QIT transform
converting f = (f(0),..., f(N — 1)) to

F=f0),. ... f(N=1)" by f=KFf

If K is unitary (invertible) then
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f=K'f  (respectively, f = K~1f).
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B
C Y

.T
2m—1 2" —1 _

> f(w)ll’)] =Y fwly. T;
=0

y=0

»)
(\
\

U

\
\}
\”l\,
<

~—
-

—

QKO\,\§7‘“



6.2 Quantum Fourier Transform
Suppose N = 2", w = ¢*™/N /y/N and
K = K(z,y) with K (z,y) = (w,™").

Then f = K f is a commonly used QFT.
Example When n =1, 2.
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6.3 Application of QFT to period finding
This is an essential component in the Shor’s algorithm.

For a periodic function, f : .S, — S,, where S,, = Z%, we want to detect
P € S, such that

f(z)=f(zx+P) forallzels,.

Example Let n =3, P =2; f(0) = f(2) = f(4) = f(6) = a,
f(1)=f3) = f(5)=f(7) =0

Step 1. Prepare |¥g) = |0)|0) € S5 ® Ss.
Step 2. Apply W3®I5 to |¥) and the oracle Uy to get |¥) = v |z)|f(2)).
Step 3. Apply F = [e~2™®¥/8] @ I,, to |¥) to get

) = ) e Py, f(x)

x?y

= ANOMfO) +1F W) + - +[fT)H]  (y=0)
+ADIF0) + e 2B (1) + - 4+ T ()] (y = 1)
FAUDIFO) + e FL) + oot D) (y = T)
= 500,0) +10.)+ |4 a) + e T|4,8)).
Step 4. Measurement of the first register gives 0,4. So the period is 2.

Remark Table 6.2 is not accurate.

TABLE 6.3

Coefticient of a vector |y)|f(z)) in the state
U’ in which f(0) = f(2) = f(4) = ( )—a
and f(1) = f(3) —f( J=f(7)=bT
amplitude of all the non-vanishing
coefficients is 1/2.

Dl—10]0 0[]0 0]0
a)l=10]10[0[=]0[0]0
) 1D 11201 03) 114) 115)116) [17)

Remark In general, the observed value of the first register is one of

1
—k-2" k=0,1,...,P—1.
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6.4 Implementation of QFT (

When n = 1. Ugpr, = W1. Note that

When n > 2, we need the controlled

|72) =

|xy) — P

|0) —

When n > 3, Wﬁ%ﬂ‘fe the following.
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Proposition QFT can be }r}lplemen‘ced using O( ) elementary gates. — P

—




6.5 Walsh-Hadamard Transform

The kernel W, = ((—1)*Y) defines the discrete integral transform

_ 1 Nz
)= Jg S
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6.6 Selective Phase Rotation Transform

The kernel diag (0, ...,0n—_1) defines the transform

Fly) = %00y f(x) = e f(y).

Note that
e®®o 0 0 0
e 0 0
0 eiﬁ'z 0O
0 €i93

Ao = |0)(0]| & Uy + |1)(1| & T.

A = 0)O[ = I+ |1)A] 2 Uy, U,

Remark One can actually write

Ky = (I® K]_)AQ with Al =




