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Abstract. In this paper, we will consider the cardinalities of different groups related to both finite and
infinite groups, specifically, the cardinality of automorphism groups. While the behavior for finite groups
is quite predictable, an examination of the cardinalities of automorphism groups of infinite groups leads to
an interesting result. By considering certain infinite groups as field extensions of the field of rationals Q,
we can show that for such groups, the cardinality of the isomorphism group is dependent on the degree of
extension. This concept can be further generalized to apply to any field of characteristic 0.

1. Introduction. Comparing cardinalities of finite sets is relatively easy. At the very least, we can
find relations to bound these cardinalities. For example, for a finite set T with cardinality n > 3, it is clear
that |P (T )| < |ST | < |FT | where P (T ) is the power set of T , ST is the symmetry group of T , and FT is the
set of all functions from T to T . However, such relations become less clear when dealing with infinite sets.
In [2], it is shown that when T is an infinite set, |P (T )| = |ST | = |FT |. We seek to find a similar result by
studying the cardinality of the automorphism groups of infinite sets.

Consider a group G and let |G| denote the cardinality of G. If G is finite, that is |G| = n and n > 1, it is
clear that there is a strict relation: |Aut(G)| < |Hom(G)| < |FG|, where FG denotes the set of all functions
on G, Hom(G) denotes the set of all homomorphisms on G, and Aut(G) denotes the set of all automorphisms
on G. This is because for any such set, the mapping φ(x) = 0 for all x in G is a homomorphism, but not
an automorphism, because it is not bijective. Similarly, the mapping φ(x) = n for all x in G where n is
a constant is a mapping in FG that is not a homomorphism. But what if G is an infinite group? Then,
G could be countable, that is |G| = ℵ0, or G could be uncountable, that is |G| ≥ 2ℵ0 . We consider the
cardinality of the group of automorphisms of G, |Aut(G)|. The group of automorphisms on G, Aut(G) is
defined as the set of all isomorphisms φ : G→ G, or in other words all bijections φ : G→ G such that for any
a, b ∈ G, φ(ab) = φ(a)φ(b) [1]. We will consider how |Aut(G)| compares to the cardinality of other related
sets: the symmetry group of G, SG, the power set of G, P (G), and the set of all functions on G, FG. In
this investigation of |Aut(G)| it will be useful to know that for an infinite setG, |P (G)| = |SG| = |FG| from [2].

We will prove that given a field E that is an extension field of Q, if the degree of extension α of E
over Q, α = [E : Q] is finite, that is α < ℵ0, then |Aut(E,+)| = |Q|. Otherwise, if the degree of extension is
infinite, that is α ≥ ℵ0, then |Aut(E,+)| = 2|E| = |FE |. This result can be further generalized to show that
the above is true for a general field of characteristic 0, or in other words, a field in which the multiplicative
identity can be added to itself infinite times without ever reaching the additive identity.

2. Examples. We will begin by studying several infinite groups of differing cardinality and structure
as examples. These groups will include the integers Z under addition, the rationals Q under addition, and
the reals R under addition.

2.1 The group of integers under addition. To find the cardinality of Aut(Z,+), we must find
all automorphisms on Z. In order for a bijection φ : Z → Z to be an automorphism, it must preserve the
operation, or in other words, for some a, b ∈ Z, φ(a + b) = φ(a) + φ(b). Since Z is cyclic, it follows that all
automorphisms on Z must map generators of Z to other generators of Z in order to preserve the operation.
The generations of Z are 1 and −1. Hence, we have two automorphisms on Z determined by φ(1) = 1 and
φ(1) = −1, and |Aut(Z,+)| = 2.

2.2 The group of rational numbers under addition. To find the cardinality of Aut(Q,+) we will
show that every automorphism on Q is of the form φ(x) = xφ(1) for every x ∈ Q. Let φ be an automorphism
on Q. Then for some n, φ(n) = φ(1+1+ · · ·+1) = φ(1)+φ(1)+ · · ·+φ(1) = nφ(1). Similarly, φ(1) = φ(nn ) =
φ( 1

n + 1
n + · · ·+ 1

n ) = φ( 1
n ) + φ( 1

n ) + · · ·+ φ( 1
n ) = nφ( 1

n ). Since φ(1) = nφ( 1
n ), it follows that φ( 1

n ) = 1
nφ(1).

Using these facts, consider φ(mn ). φ(mn ) = φ( 1
n + 1

n + · · ·+ 1
n ) = φ( 1

n ) + φ( 1
n ) + · · ·+ φ( 1

n ) = mφ( 1
n ). Then,
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since φ( 1
n ) = 1

nφ(1), φ(mn ) = m 1
nφ(1) = m

n φ(1). Therefore, for any x ∈ Q where φ is an automorphism,
φ(x) = xφ(1). Since we can define an automorphism for each q ∈ Q by setting φ(1) = q, it follows that
|Aut(Q,+)| = |Q| = ℵ0.

2.3 The group of real numbers under addition. The cardinality of Aut(R,+) can be found by
considering the real numbers as a vector space over the rational numbers. From [3], the Axiom of Choice
guarantees that there exists a basis for R over Q, B = {qi : i ∈ I}. But what is the size of this basis |B|?
This can be found using the method from [4]. It is clear that B ⊆ R, so |B| ≤ |R|. Then, for each x ∈ R,
there exists a finite set Bx = {b1, b2, . . . , bn} ⊂ B such that x = q1b1 +q2b2 + · · ·+qnbn where qi ∈ Q for each
i ∈ N with 1 ≤ i ≤ n. Now, let H denote the set of all finite subsets of B. Clearly, |H| = |B|. Then, for each
h = {b1, b2, . . . , bn} ∈ H there are |Q|n = ℵn0 = ℵ0 linear combinations q1b1 + q2b2 + · · · + qnbn, again with
each qi ∈ Q. So, |R| = 2ℵ0 = |span(B)|. The cardinality of the span of B must be less than or equal to the
number of all linear combinations formed with each h ∈ H. So, |R| = |span(B)| ≤ |H| ∗ ℵ0 = |B| ∗ ℵ0 = |B|.
Now, since |B| ≤ |R| and |B| ≥ |R|, it follows that |B| = |R| = ℵ0.

Now, any bijection φ such that φ(B) = B′ is a basis for R over Q is an automorphism on the group
of reals under addition from [5]. Therefore, any bijection that permutes the elements of B is an automor-
phism, or in other words, if a ∈ B, then φ(a) ∈ B. Since SB is the group of all one to one functions
from B → B, it follows that |Aut(R,+)| ≥ |SB | = |SR|, since |B| = |R|. Since every automorphism on
R is a function on R, it also follows that |Aut(R,+)| ≤ |FR|. Since |SR| ≤ |Aut(R,+)| ≤ |FR| = |SR|,
|Aut(R,+)| = |SR| = |FQ| = |P (R)|.

3. Result. We will now prove that for a field extension E of Q with [E : Q] = α, if α < ℵ0 then
|Aut(E)| = |Q| = ℵ0, and if α ≥ ℵ0 then |Aut(E)| = |FE |. After that, we will consider the general case of
any field of characteristic 0. There are two cases:

3.1 Finite extension fields of Q under addition. In this case α < ℵ0. The proof of this case
relies on the fact that |Aut(Q,+)| = ℵ0, which is shown above. Let E be a finite extension field of Q,
E = Q(x1, x2, . . . , xn) with [E : Q] = α. Then, consider the automorphism group Aut(E,+). Let x, y ∈ E.
Then by definition, if φ is an automorphism on E, φ(x+y) = φ(x)+φ(y). Given an integer m, it is clear that
φ(mx) = φ(x+x+· · ·+x) = mφ(x). Since φ(x) = φ( xm+ x

m+· · ·+ x
m ) = φ( xm )+φ( xm )+· · ·+φ( xm ) = mφ( xm ), it

follows that φ( xm ) = 1
mφ(x). Therefore, for any rational λ ∈ Q, φ(λx) = λφ(x). Now, let B = {b1, b2, . . . , bα}

be the basis of E over Q. Then any element x ∈ E can be expressed as a linear combination of the form
x = b1q1 + b2q2 + · · · + bαqα where qi ∈ Q. Knowing that φ(x + y) = φ(x) + φ(y) and φ(λx) = λφ(x),
it follows that φ(x) = q1φ(b1) + q2φ(b2) + · · · + qαφ(bα). Then, any group isomorphism between vector
spaces A and B can be represented as an invertible α by β matrix where α is the dimension of A and β
is the dimension of B where each element of the matrix is in E. It is clear that |E| = ℵ0, so there are

ℵ0 possibilities for each element of the matrix. Therefore, there are ℵα2

0 = ℵ0 possible α by α matrices,
so |Aut(E,+)| ≤ ℵ0. However, we can find ℵ0 automorphisms by mapping φ(B) = B, since there are ℵ0
mappings on Q. Therefore, ℵ0 ≤ |Aut(E,+)| ≤ ℵ0, so |Aut(E,+)| = ℵ0.

3.2 Infinite extension fields of Q under addition. In this case α ≥ ℵ0. The proof of this case is
similar to the proof for R as a vector space over Q. The axiom of choice guarantees the existence of a basis
B for E over Q. To find the cardinality of B, we use the fact that |B| is clearly less than or equal to |E|
since B spans E, and show that |B| ≥ |E|. By definition, each element x ∈ E can be written as a linear
combination on a finite subset of B, such that x = q1b1 + q2b2 + · · ·+ qnbn where qi ∈ Q and bi ∈ B. Let H
denote the set of all finite subsets of B. Clearly |H| = |B|. Then, for each h ∈ H where |h| = n, there are
|Q|n = |Q| = ℵ0 possible linear combinations on h. We know that |E| = |span(B)|. Then, the cardinality of
span(B) must be less than or equal to the number of all possible linear combinations formed by each h ∈ H.
So, |E| = |span(B)| ≤ |H| ∗ ℵ0 = |B| ∗ ℵ0 = |B|, since |B| ≥ ℵ0. Since |B| ≤ |E| and |B| ≥ |E| it follows
that |B| = |E|.

Now, we can find |SB | automorphisms on E, as each permutation of the basis over Q will give an
automorphism. So, |Aut(E,+)| ≥ |SB |. Since |B| = |E|, |SB | = |SE | = |FE | from [2]. Since FE is the set of
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all functions on E, |Aut(E,+)| ≤ |FE |. Since |FE | ≤ |Aut(E,+)| ≤ |FE |, it follows that |Aut(E,+)| = |FE |.

3.3 A general field of characteristic 0. Let F be a field with characteristic 0. Then, we can
construct an integral sub domain D = {1 ∗ n : n ∈ Z} where 1 is the multiplicative identity of F . From
this construction, it is clear that D is isomorphic to Z, and it follows that the quotient field of D which
we will denote as D is isomorphic to the quotient field of Z, Q. So, we have a subfield of F isomorphic to
Q. Then, the result from above can be directly applied, such that when the index of F over D is finite,
|Aut(F,+)| = ℵ0 and when the index of F over D is infinite, |Aut(F,+)| = |FF |.

4. Conclusion We have shown that for any infinite group G that is also a field of characteristic 0,
we can construct a subfield D isomorphic to Q and determine the number of group automorphisms on G by
finding the degree of extension of G over this subfield. If [G : D] is finite, then |Aut(G)| = ℵ0 and if [G : D] is
infinite, then |Aut(G)| = |FG|. Further research could be done by studying the behavior of different infinite
groups without this field structure, to determine whether a more general statement can be made about the
automorphism groups of these infinite groups.
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