Differential equations. Consider the system Az’ = z with z(0) = xp.

ey = Qi) T

For one variable, ' = ax with z(0) = zy, we have z = % xy.
Suppose S~'AS = D = diag (dy,...,d,). Then

;
A=8DS " =di8(;,1)87(1,:) + - + duS(;,n) S (n, 2). {
For y = Sz, Sz’ = ¢ and Dy’ = y so that K‘i({) oy aw‘{ '({—) *"Fﬂ,..YJi

—————

eidlt e 7 _ EJ
y=ePlyy= [ ] yo and x=S5"ly=95"1elSg,. \g. {6) - hlgtl
gidnt 1

That is, - o \9‘1[{) =g I v}.n["é )

z = (efS(;,1)87 11, 1) + - - + e™48(:,n) S (m, 1)) z0.

—

Example: Solve £’ = Ar with A = 11 and z(0) = [(1)] Then A = [i (1]] = ,S'_D.ST‘ with
-—
4———___-_--_‘

D = diag (A1, A2) = diag ((1 + v/5)/2, (1.— v5)/2) and _
#(E) = [ K )

()

&

S=[ 1 (v —1)/2 5T'\/§S'

(\/3_1)/2 -1 ] and S§7'=

So,

Ky = X TR

1 Ale’\" - 1\26'\2':
m=_! ] XJE) = x 6D

\/g E'\lt _ eAgt

In fact, one can solve the equation z” = 2’ + = with z(0) = (1,0)T.

Now, (:) = A (3:) so that £ = —égc"" — Mt [}1“:) _ g( K'U') )

G { L)
Exercise Solve the system 2’ = Az with the above A and zq = (2, 1)7. gl [{)
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1.7 Symmetric matrices, Hermitian matrices, positive definite matrices

Theorem (a) Every real symmetric matrix A can be written a.-; Qmafor a real diagonal matrix b
D = diag (A1,...,A.) and an orthogonal matrix Q.
(b) Every complex Hermitian matrix A can be written as UDU* for a real dlagonal m

D = diag (\1,..77A,) and a unitary matrix U. (G 4,0:}‘ ,0, ,q’f‘ ) ( ] H’l’ )
{

}
Proaof. If A € Ma(R) be symmetric, let v g= [v1,v2]7 € R? be such that vTv = 1 and -
.-"__-'—7 — < —_—
vTAv = A = max{zT Az : z € R?, 7% = &;

UL

;Y 7
QTAQ = (%).Then {)l 0., @Uﬂf .[_ZQ,JCUJTS'MT‘f‘ ﬂzﬁné

S,

l 1(0) = [cosh, smG]QTAQ[COSO sm9]T = cos® aM +&os€sm8b+sm fe, —{ i—-é [‘9 2 —-‘J
52T

-+
and f'(0) = 2b # 0. So, we can find 8 near 0 such that uTAu > A; with u = Q[cos 8,sin 8]7, which

is & contradiction. ’ VA __f({\

Now, for e M,(R). Let v € R* be a unit vector such that

Cﬂ)'t g:'{: ) vTAv =\ = max{zTAz: 2 e R", 2Tz = 1}. — t
“"r Lat Suppose @ is pn orthogonal matrix such that QT AQ = A). Then A, = (Al & A2 ...
L= T o — —_— e /| ‘5'(% j

L .
Yoy ASMLOR) .3/ st

A@’l()‘r’_ 0\_} A &[0'\
101 Aol
YT ; -
In n>2  Cowidy V7 [‘k , vt
de VEAV e
For the complex case, we consider a unit vector v € C" such that Ny m&: X KTA X

v'Av = A = max{v'Au:u € C",v'u =1}, ﬁ)"‘
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Positive(sem}:leﬁnite matrices.

O Ay
Definition A real symmetric matrix A € M, (R)‘iipositivéﬁte (semi-definite) if it M

(nonnegative) eigenvalues & ;l}' = & SL.)'J).J @_T 1 }] YRS Ay >0

A complex Hermitian matrix A € M,(C) is positive definite (semi-definite) if it has positive
(nonnegative) eigenvalues

(2.\ 0 A=S R)H;J <

Equivalent conditions

o \] T
Ll. x* Az > 0 for all nonzero vector z. X A X S (R’

2. 5§ = A*A for an invertible A.

3. A has positive leading principal minors meaning ...

4. All pivots of A are positive. [In the Gaussian elimination process.] Then A
A = LL"* for some invertible lower triangular matrix L, the Cholesky factorization.

4 3
Example. A = (3 4).

Applications 1. Maximum and minimum of real valued function f(z,,...,z,).

2. Major and minor axes of clliptical disk/cllipsoid.
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