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1 | Introduction: 

The main objective of modern art conservation is reversibility. The introduction of 

digital recoloration using mathematical image processing techniques perfectly meets the 

requirements of restoring a painting to a version more similar to what the artist intended 

without the possible consequences of physical conservation techniques that are sometimes 

difficult to correct. 

2 | Standard Art Restoration: 

Art conservation aims to preserve the art piece in question at its current condition, 

reverse any material decay, and delay further restoration for as long as possible. Each art 

piece has its own unique conditions for maximum efficiency and best results for conservation, 

depending on the original technique of its artist and what materials were used in the making 

of the piece. 

Common physical methods of art conservation used in the past as well as the present 

include stabilization, surface cleaning, the removal of discolored varnish, the repair of tears 

and punctures, filling areas of paint loss, and expert retouching. 

2.1 | Causes Of Damage To Paintings:  

Many things can cause damage to an art piece, leaving it in need of conservation:  

a) Wear & Tear, which includes any mishandling of the art since its creation. 

b) Degradation, of any of the materials used in the art piece. 

c) Censorship, a famous example being Michelangelo’s David with a modesty fig leaf added 

by the Catholic church. 

d) Iconoclasm, defined as attacking established values and practices. 

e) Previous conservation attempts, unfortunately also on this list, as past conservators were 

unaware of the long-term effects of their materials and techniques.  

 



 

A fresco’s evolution from its (approximated) original state to its deteriorated state 

Just by the nature of a paper canvas, deterioration is destined for any painting that has 

not been preserved conscious of the weaknesses of paper. Paper can deteriorate due to 

photomechanical reactions--being exposed to any light can weaken the paper if it has not 

been grounded with a primer. Also, paper made in the century after 1850 was acidic due to 

additives added in the mechanical process for short-term strengthening. The oxygen 

bridges in the cellulose fibers are susceptible to acid hydrolysis, which breaks the glucose 

chaining and weakens the cellulose fibers, letting the paper become hard and brittle, leaving 

it to disintegrate easily. The hydroxyl groups in cellulose are also prone to oxidization, and 

high lignin content in the paper causes it to turn yellow. 

 Paint can crack and become brittle due to humidity levels; if no primer underneath, 

paint can seep in between the paper fibers, which allows light to go through and the painting 

becomes translucent. Warping in the frame of a painting also makes the handling of it more 

difficult and dangerous to transport.   

 

3 | Mathematical Image Processing: 
Mathematical image processing involves digitally analyzing and processing an image 

to correct it for visual imperfections that results in the work of the conservator not being 

distinguishable from that of the original art.  

 

3.1| Digital Restoration: 
 The basic techniques of digital restoration include recoloration—to correct for the 

sepia affect that degraded varnishes and paper gives paintings—and inpainting by 

transferring the information available in the intact areas of the image to the damaged areas 

in the image. 

 

https://brightside.me/creativity-art/9-fatal-errors-of-restorers-which-shook-the-world-354560/


4 | Digital Restoration by Example: 

There are many different digital restoration methods, one method outlined in the 

paper Arora’s “Digital restoration of old paintings” describes recoloring an old using the 

color space of a clean sample painting using statistics and matrix manipulations. 

First, calculate the mean of pixel data along all three axes R, G and B for both the old and 

sample cleaned painting, denoted as ( 𝑅̅𝑜𝑙𝑑 , 𝐺̅𝑜𝑙𝑑 , 𝐵̅𝑜𝑙𝑑 ) and ( 𝑅̅𝑐𝑙𝑒𝑎𝑛 , 𝐺̅𝑐𝑙𝑒𝑎𝑛 , 𝐵̅𝑐𝑙𝑒𝑎𝑛 ) 

respectively. 

Then calculate the covariance matrices for both the paintings 𝐶𝑜𝑣𝑜𝑙𝑑  and 𝐶𝑜𝑣𝑐𝑙𝑒𝑎𝑛.  

𝐶𝑜𝑣 = (

𝑐𝑜𝑣(𝑅, 𝑅) 𝑐𝑜𝑣(𝑅, 𝐺) 𝑐𝑜𝑣(𝑅, 𝐵)
𝑐𝑜𝑣(𝑅, 𝐺) 𝑐𝑜𝑣(𝐺, 𝐺) 𝑐𝑜𝑣(𝐺, 𝐵)
𝑐𝑜𝑣(𝑅, 𝐵) 𝑐𝑜𝑣(𝐺, 𝐵) 𝑐𝑜𝑣(𝐵, 𝐵)

) 

Now, decompose the covariance matrix using singular value decomposition, an algorithm 

used to decompose a large amount of complicated data into three vital matrices. 

𝐶𝑜𝑣 = 𝑈 ∗ 𝑆 ∗ 𝑉𝑇 

U and V are unitary matrices and are composed of eigenvectors of Cov, while S is a diagonal 

matrix of the eigenvalues of Cov. 

Transformations are applied to Cov using the following transformation matrices: 

Rotation: 𝑅𝑜𝑙𝑑 = 𝑈𝑜𝑙𝑑, 𝑅𝑐𝑙𝑒𝑎𝑛 = 𝑈𝑐𝑙𝑒𝑎𝑛
−1  

Translation: 𝑇𝑜𝑙𝑑 =

(

 

1 0 0 𝑅̅𝑜𝑙𝑑
0 1 0 𝐺̅𝑜𝑙𝑑
0
0

0
0

1 𝐵̅𝑜𝑙𝑑
0 0 )

 , 𝑇𝑐𝑙𝑒𝑎𝑛 =

(

 

1 0 0 𝑅̅𝑐𝑙𝑒𝑎𝑛
0 1 0 𝐺̅𝑐𝑙𝑒𝑎𝑛
0
0

0
0

1 𝐵̅𝑐𝑙𝑒𝑎𝑛
0 0 )

   

Scaling: 𝑆𝑜𝑙𝑑 =

(

 
 
𝜆𝑜𝑙𝑑
𝑅 0

0 𝜆𝑜𝑙𝑑
𝐺

0 0
0 0

0 0
0 0

𝜆𝑜𝑙𝑑
𝐵 0
0 1)

 
 
, 𝑆𝑐𝑙𝑒𝑎𝑛(

𝑠𝑐𝑙𝑒𝑎𝑛
𝑅 0 0 0

0 𝑠𝑐𝑙𝑒𝑎𝑛
𝐺

0 0
0 0

0 0
𝑠𝑐𝑙𝑒𝑎𝑛
𝐵 0
0 1

) ,𝑤ℎ𝑒𝑟𝑒 𝑠𝑐𝑙𝑒𝑎𝑛
𝑖 =

1

√𝜆𝑐𝑙𝑒𝑎𝑛
𝑖

 

 

 



The final transformation applied to each pixel of the painting will have the following form: 

𝐼 = 𝑇𝑐𝑙𝑒𝑎𝑛 ∗ 𝑅𝑐𝑙𝑒𝑎𝑛 ∗ 𝑆𝑐𝑙𝑒𝑎𝑛 ∗ 𝑆𝑜𝑙𝑑 ∗ 𝑅𝑜𝑙𝑑 ∗ 𝐼𝑜𝑙𝑑 

With the homogeneous coordinates of the pixel points for the result and old painting 

denoted by: 

𝐼 = (𝑅, 𝐺, 𝐵, 1)𝑇 , 𝐼𝑡𝑔𝑡 = (𝑅𝑡𝑔𝑡, 𝐺𝑡𝑔𝑡 , 𝐵𝑡𝑔𝑡, 1)
𝑇
 

 

    

 

 

 

 

 

 

 

 

From Arora, in figure 4 we can compare the results aesthetically of digital restoration 

from an example painting(d) versus the chemically cleaned painting(b). As you can see from 

figure 7, an example painting does not need to be a reconstruction or copy of the original, 

it just needs to be a painting with a similar color palette to have a reasonable restored result.  

 

 

 



5 | Similarity Metric: 

To be able to quantifiably measure how faithful or similar the digitally restored or 

chemically cleaned results are to the original painting for quality assurance, one method 

used is finding the Kullback-Leibler divergence between the result and the original color 

space. The lower the KL-divergence is between the result and the original, the more similar 

the result is to the original. Thus, in order to get a more similar digitally restored painting, 

the example painting chosen must have a similar color distribution to the original. In order 

to assess if the new sample painting has similar color distribution to the old painting, perform 

eigen-space transformations followed by the KL-divergence calculation.  

5.1 | KL-Divergence: 

The Kullback-Leibler divergence is a non-symmetric measure of the difference 

between two probability distributions P and Q. KL measures the expected number of extra 

bits required to code samples from P when using a code optimized Q, rather than using a 

code based on P.  With P being the observed distribution of data;  Q approximating P. 

 𝐷𝐾𝐿(𝑃||𝑄) =∑𝑃(𝑖)

𝑖

𝑙𝑛
𝑃(𝑖)

𝑄(𝑖)
 

To the right we have a table comparing 

the KL-divergence calculations for the 

chemically cleaned(b) versus the digital 

restoration(d) from figure 4. The chemically 

cleaned painting had a lower KL-divergence 

for each of the color channels compared to the 

digitally restored painting, so (b) is the more 

similar restoration attempt to the original. 

To the right we have a table comparing the 

KL-divergence calculations for the chemically 

cleaned(b) versus the digital restoration(d) from 

figure 7. Since (d) had a lower KL-divergence for 

each color channel, this time the digitally restored 

painting is more similar to the original, even 

though the example painting used to create it was a completely different painting from the original. 



6 | Further Research: 

Besides 2d restoration, art conservators are also exploring 3d restoration projects. A 

general overview of a 3d restoration project follows as: 

Step 1: Generate a rough 3d model of the scene with plausible parameters. 

Step 2: Generate masks for all objects in painting(by hand or segmentation). 

Step 3: Project masks onto 3d model and project original image as texture onto objects. 

Step 4: Add virtual cameras. 

Step 5: Inpaint what was hidden from view in original scene. 

Included in “Unveiling the invisible: mathematical methods for restoring and 

interpreting illuminated manuscripts” are additional files that have animations of the 

paintings “Annunciation” and “Scream” converted to 3d. 

On the British museum’s webpage and their Facebook, they have a video of the 3d 

conservation of Xiang Sheng Mo’s Reading in the Autumn mountains.  

7 | Conclusion: 

 Seeing how horribly a well-intentioned conservation attempt can pan out, digital 

restoration is the way to go for the future. From the results of Arora’s study, digitally 

restoration results’ KL-divergence is comparable to that of chemically cleaning, so a 

sufficiently similar image to the original painting is produced, reversing the effects of 

deterioration without the risks of physical restoration.  

7.1 | Reflection: 

 Further research into other methods used to help conservators physically restore a 

painting interests me. Having a faithful image representing a restored version of the original 

painting is great, but to also have the original work is much more valuable to me and to 

others, I imagine.  

 The feedback from the class was more positive than I was expecting. I am not that 

strong of a public speaker, so after my presentation was over all I could think about was how 

I stumbled or how my voice shook. I had hoped that presenting over zoom would lessen my 

nerves, but now I know to rehearse my next presentation even more to be more confident. 

https://www.facebook.com/watch/?v=10158102952109723


Everyone seemed to agree in that using several images helped them understand the overall 

concepts, so I will try to do that in my next presentation as well, though linguistics does not 

lend itself to having so many example images. I felt more confident explaining the results of 

the math methods used through example paintings than explaining the methods themselves, 

thus I have chosen my next math topic to be a bit simpler in concept, hopefully having my 

confidence in the topic shine through my presentation and making the concept clear for 

everyone. 
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