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Abstract

For a given p x ¢ complex matrix C, a necessary and sufficient condition is obtained for the
existence of a matrix X satisfying J,X — XJ; = C, here J, denotes the r x r Jordan block of
0. An easy construction of the solution X is given if it exists. These results lead to a proof of
the fact that a nilpotent matrix is similar to a direct sum of Jordan blocks.
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1 Introduction

Let M,,,, be the set of m x n complex matrices, and M, = M, ,. Denote by E;; the standard
matrix unit with the (7, j) entry equal to 1 and the other entries equal to 0. The size of E;; should
be clear in the context.

For A € C and a positive integer r, the matrix

A1
r—1 . .
JT()\) =\, + Z Ej,j+1 — .. .. e M,
p Al
A

is called the Jordan block of A of size r. We have the following Jordan canonical form theorem;
e.g., see [I, Chapter 12] for a proof and some historical notes.

Theorem 1.1. Every matriz A € M,, is similar to a direct sum of Jordan blocks.

The result has many interesting consequences, and has applications to other topics; for example,
see [I, Chapter 13]. The theorem can be prove by establishing the following two assertions.

Assertion 1 A matriz A € M, with distinct eigenvalues \1,..., g, is similar to a direct sum of
square matrices A1, ..., Ay, denoted by Ay & --- & Ay, such that A; has \; as the only (distinct)
eigenvalue for j=1,... k.
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Assertion 2 If B € M, only has one distinct eigenvalue A, then B is similar to a direct sum of
Jordan blocks of \.

By these assertions, there are invertible matrices R, Ry, ..., Rj such that R"'AR = A;®- - -® Ay,
and Rj_lAjRj is a direct sum of Jordan blocks of A;. Then S ~1AS is a direct sum of Jordan blocks
ifS=R(R1 &P Ry).

One approach to prove Assertion 1 is to use the Sylvester equation theorem, which asserts that
the matrix equation F'X — XG = C always has a unique solution X € M, , for given F' € M, G €
M, and C € M, , such that F' and G have no common eigenvalues; see [2], [I, Theroem 11.4.1],
and Lemma in the next section. We will show that Assertion 2 can be proved by using the
solution of the matrix equation J,(0)X — X J,(0) = C for a given matrix C € M, . In Theorem
a necessary and sufficient condition is obtained for the existence of a solution X € M, , of the
equation. An easy construction of a solution X is given if it exists. The result will then be used to
give a proof of Assertion 2. For completeness, we will also give the proof of Assertion 1 and some
related remarks.

2 Auxiliary results and proofs

For positive integers r and s, we let Js = J5(0), and note that J. = 0 if and only if r > s.

Theorem 2.1. Let p,q be positive integers with p > q, and C = (c;j) € Mpq. Then there is
X € M, , such that

J, C I, X I, X J, 0
JpyX — XJ,=C, equivalently, <p )(p ):<p )(p > 1
P d o J,)\0 )" \o 1)\ o )

if and only if any one of the following conditions holds.
(@) (ep1s-vesCpg) +(0,¢p-1,15 -y cpo1g-1) + -+ (0,...,0,¢p—g41,1) = (0,...,0).

(b) The matrix X = (xi;) € M, 4 satisfies J,X — XJ, = C if (x11,...,214) = (0,...,0), and

(xf,l) s 7‘T€,q) = (0) To—1,15--- ’xf—l,q—l) - (cf—l,lv s ’Cf—l,q)v l= 25 Ry 2
(c) The matriz T = (Jp C) satisfies TP = 0.
0 J,
Proof. Clearly, if (b) holds, then there is X € M, , satisfying .
Suppose X € M, , satisfies 1) Let T be the matrix described in (¢) and R = <‘8” j.(> Then
q

TP = R(J5 & JY)R™ = 0p1,. Thus, condition (c) holds.
Next, we show that conditions (a) and (c) are equivalent. By an easy induction argument, one
can show that

JE Qe . - _ _ _
TZI<OP Jf) Wltthzjg 1C'+J£ QCJq-F""l'JpC'Jg 2+C’J§ 1’ (=23 ..



If C = (¢ij) € M, 4 has rows Cy,...,Cp, then TP = <%’ %21)) with
q

Cp Cp—1 1
0 Cp Co

Qp: 0 + 0 Jq_|_..._|_ Cs Jg—l_
0 0 Cp

Let @, have rows Y7,Ys,...,Y,. Then
Yi=Cp+Cpadg+--+ Cl‘]g_l = (ep1,cp2 + Cp—1,15- -+, Cpg T+ + Cp—gi1,9),
and for £ > 1,
Vy=Cpdi o+ Cob = (Cp+ -+ CLIP NI =1af

here we use the fact that Jg = 0 for j > p to get the second equality. Thus, T? = 0 if and only if
Yi=C,+Cp1dg+---+C JP1 which is the vector on the left hand side in (a), is the zero vector.

It remains to prove that condition (b) holds if (a) does. In general, let Z = (z;;) = J,X — X J,
for X = (245). Then

T2,1 X22 - X29-1 T2g 0 21, Ti2 0 T1lg-1
T31 T32 o T3g-1 T3g 0 w21 Too ot Tog-1
A N N ,
Tp,l Tp2 “*° Tpg-1 Tpg 0 Zp11 ZTp12 -~ Tpig-1
0 0 e 0 0 0 l'p71 :Cp72 cee xp#]—l
and (Zp’g, Zp—14—1y--- ,Zp_g+171) = (O, Tpl—1y--- ,$p_g+2’1) - (ajp,g_l, cey Tp—042.1, 0) for £ = 2, ey q.
Hence,
4
E Zp—j+1,5 = 0, (= 2, e q. (2)
j=1
Now, suppose 11 = --- =214 = 0, and 2, ; = x;_1; — T;j—1 = —¢; j whenever 2 < ¢ < p. Then,
(Zp.s Zp—1,0—15 -+ > Zp—t41,1) = (Zpts —Cp—1 -1+ —Cp—g+1,1) for £ =2,... q. Hence,
0 /—1
0= 2pjt1j =2t = ) Cpjtly = 2pt +Gpt,  £=2,...0,
j=1 j=1

where the first and the third equality follow from and condition (a), respectively. By (a), we
also have ¢, 1 = 0. Thus, the last row of Z + C' equal to

(0, —zp2+Cp2,...,—2pg + Cpg) = (0,...,0). 0
We can use Theorem [2.1] to give the following.

Proof of Assertion 2. Suppose B € M,, has only one (distinct) eigenvalue A. We only need to
show that for T'= B — \I,, there is R such that R~'TR is a direct sum of Jordan blocks of 0. Then
R7!'BR is a direct sum of Jordan blocks of \.



Note that 7" = 0. We can find the smallest integer p such that 7P~! # 0 and 7? = 0. Then
there is v € C" such that TF~'v # 0 and TPv = 0. We will show that {v,Tw,..., TP v} is a
linearly independent set. Suppose Z?;é o; T Jy = 0 with some ay # 0. Let ¢ be the smallest

nonnegative integer such that oy # 0. Then T = Zﬁ;z}ﬂ(_%/af)Tj” and

p—1
TP~ Ly = TP 1=4(Tty) = TP 1-F Z (—aj/a)Tiv | =0,
Jj=t+1

which contradicts the assumption that TP~ v # 0.
Let Ry € M, be invertible with TP~1v, TP=2y,..., v as the first p columns. If p = n, then
Tu T
0 Ty
By induction assumption, there is an invertible Ry € M,,_, such that R YRy = Iny @+ D Jy,
with ng > -+ > ng. Thus, G = (Ip@Rgl)Rl_lTRl(Ip@Rg) = (Gjj) such that G11 = Jp, Gj; = Jp,
for j =2,...,k, and G;; = Op,; n; whenever i # j and i # 1.
Forj =2,...,k, let Fj; = (‘{)p i;ﬂ

By Theorem for each j = 2,...,k, there is X; € M, such that

Jo Gu\ (L, X3\ (L, X;\(Jp O
0 Ju,)\0 L,) " \o 15,)\o 1,/

R;'TR; = J, and we are done. Otherwise, R 'TR; = ( > such that 741 = J, and T%, = 0.

>. Then FJP is a principal submatrix of GP = 0. So, Fjp =0.

Let R3 = (% pr) with X = (X2 .- Xk) Then (GU)Rg = Rg(Jp D Jp, @B Jnk) Suppose
R = Ry(I, ® R2)R3. Then R™!TR is a direct sum of Jordan blocks, and so is R™!BR. O

For completeness, we also present the proof of Assertion 1 and some related remarks. In
particular, one may see how Lemma [2.3] motivates the formulation of Theorem [2.1

Lemma 2.2. Suppose A € M,, has eigenvalues \i,..., . There is an invertible R € M, such
that R~YAR is in upper triangular form with diagonal entries \i, ..., A,.

Proof. We prove the result by induction on n. The result is trivial if n = 1. Assume n > 1,

and the result holds for matrices in M,,_1. Suppose Ax = Ajx for a nonzero vector z. Let

0 A
det(zl — A) = (z — A1) det(xl — Ay), we see that Ao has eigenvalues Ag,...,\,. By induction
assumption, there is an invertible Ry € M, _1 such that R, LA1 Ry is in upper triangular form with
diagonal entries Mg, ..., \,. Let R = R1([1] ® Ry). Then R~'AR is in upper triangular form with
diagonal entries A1, ..., A,. O

R, € M, be invertible with the first column equal to . Then R YAR, = (Al * ) Since

The matrices R; and Ry in the proof can be chosen to be unitary if we use the inner product
structure of C"”. One can then conclude that for every A € M, there is a unitary matrix U € M,
such that U* AU is in upper triangular form. This is known as the Schur triangularization lemma;
e.g., see [Il, Theorem 11.1.1].



Lemma 2.3. Suppose F' € M,,G € M, have no common eigenvalues, and C € My ,. There is a

unique matric X € M, 4 such that FX+C = XG. As a result, if R = (Ié) ?) and A = <§ g),
q

then R1AR=F & G.

Proof. Let R € M, be invertible such that G = R"'GR is in upper triangular form. Suppose
C=CRandY = XR. Then FX +C = XG if and only if FY + C = YG. We will show that the
modified equation C = —FY + Y G has a unique solution Y. Then X = YR~ will be the unique
solution of the original equation. One can check that AR = R(F @ G) so that the last assertion of
the lemma follows.

Let C = (c1---¢y) and Y = (y1---y,) with c1,...,¢q, 1,94 € CP. If G = (gi;), then
g1, - - -, §qq are the eigenvalues of G. Then g;; is not an eigenvalue of F' so that F'— g;; I, is invertible
for j =1,...,q. As aresult, F'y; + ¢; = g11y1 has a unique solution y; = —(F — glllp)_lcl, and
for{=2,...,q,

— . . _ —
Fye+ co = gorye + ij% g1;y¢ has a unique solution v = (F — geelp) I(Zj:% 9195 — Ce).
Thus, we get the unique solution Y = [y; - - - y,] such that FY + C=YG. O

Note that our proof of Lemma [2.3] provides an easy computational scheme for solving the
Sylvester equation FF'X — XG = C. We can now present the following.

Proof of Assertion 1 We prove the result by induction on k, the number of distinct eigenvalues
AM,...,\pof A€ M,. If k =1, the result is trivial. Assume that the result holds for matrices with
fewer than k distinct eigenvalues for k& > 1. Let A € M, have k distinct eigenvalues. By Lemma

there is an invertible matrix R; € M,, such that RflARl = (A(;l ﬁm)’ where Ay € M,
22

is in upper triangular form with all diagonal entries equal to A;, and Ay € M,,_, is in upper
triangular form with diagonal entries in {Ag,...,A\t}. By Lemma there is X € M) ,—, such
I, X A O
0 In—p 0 A22

assumption, there is an invertible matrix Rz € M,_, such that R3_1A22R3 is a direct sum of diagonal

that 411X + A9 = X Aoy, Let Ry = < ) so that ARy = Ry < ) By induction

blocks of matrices As, ..., Aj such that each B; is in triangular form with constant diagonal entry.
Let S = R1Ra(I, ® R3). Then R~'AR has the desired form. O
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