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Definition

A set S in RY is convex if to 4+ (1 — t)y € S for any t € [0,1],z,y € S.
An element z in a convex set S is an extreme point if z # (21 + z2)/2 for any
r1,T2 €S.

Krein-Milman Theorem / Caratheodory Theorem

If S € RY is a compact (close bounded) convex set, then every element is a
convex combination of no more than N + 1 extreme points.

Examples Polyhedron, circular disk, etc.
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Doubly Stochastic Matrices

Birkhoff-von Neumann Theorem

Let S, = {(ai]‘) D@y > 0, Zl a5 = 1,2]. a;; = 1} be the set of doubly
stochastic matrices. Then the set of extreme points of S are the set of
permutation matrices.

Proof. One need n? equalities from the set of governing equalities and
inequalities to determine an extreme points...

Let S = {(ai;) e R™ ™ 1 ai; >0, " aij =1,j =1,...,n} be the set of
column stochastic matrices. Show that A € S is an extreme points if and
only if each column of A has one nonzero entry equal to one.
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Open problems

For the following convex sets of matrices, determine the structure of the set of
extreme points. In particular, we want to know

* how to check a given element is an extreme point,
* how to construct all the extreme points,
* give a formula for the number (or bounds of the number) of extreme points,

* how to write an elements as a convex combination the smallest number of
extreme points.

@ the set of n x n doubly stochastic matrices with each entry bounded by b
for some b € [1/n, 1].

@ the set of 3-dimensional doubly stochastic matrices:

S={(aw) 1 1 <04k Smyage >0, aige =Y aye =Y ayx=1}
i j k

@ the set of z = (21,...,2m)" satisfying Az < b for a given
b= (bl, .. .,bn)t €R™ and A = (a571)1§i§n71§j§m with
ai,...,an € R™,
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