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Why Matrix Decompositions/Factorizations

Linear equation system:

Ax = b

↓


∗ ∗ ∗ ∗
0 ∗ ∗ ∗
... . . . . . . ...
0 . . . 0 ∗

x = b′.

Row echelon form - a special matrix form
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Matrix Decompositions/factorizations

Schur triangular decomposition: A = U∗TU , where U is
unitary, T is upper-triangular.
Polar decomposition: A = PU , where P is positive
semidefinite, U is unitary.
Singular value decomposition: A = SDV , where D is
diagonal with the singular values of A, S and V are unitary.
Spectral decomposition for normal matrices: A = U∗DU ,
where D is diagonal and U is unitary.
LU decomposition for certain matrices: A = LU , where L is
lower-triangular and U is upper-triangular.
QR decomposition: A = QR, where Q has orthogonal
columns and R is upper-triangular.
more ... (See Horn & Johnson Matrix Analysis, 2nd ed. CUP
2013) or Zhang Matrix Theory, Springer 2011)
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How should we define an angle between two vectors

Dresses: Beach vs. Wedding
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A special matrix decomposition

Theorem (Sectoral decomposition)

Let A be an n× n complex matrix such that W (A) ⊆ Sα for some
α ∈ [0, π2 ). Then there exist an invertible matrix X and a unitary
diagonal matrix Z = diag(eiθ1 , . . . , eiθn) with all |θj | ≤ α such that

A = XZX∗.

Moreover, such a matrix Z is unique up to permutation.

F. Zhang Matrix Decomposition



Why this decomposition: Motivation I

Growth factor in Computation:
Consider the system of n linear equations of n unknowns

Ax = b

(after k steps of Gaussian elimination, 1 ≤ k ≤ n− 1)(
∗ ∗
0 A(k)

)
x = b′.

ρ(A) =
maxi,j,k |a

(k)
ij |

maxi,j |aij |

ρ(A) is called the growth factor of A in Gaussian Elimination.
Estimating ρ(A) (G. Golub & C. Van Loan, G.W. Stewart, ...)
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Higham’s work

N. Higham’s 1998 paper in Math. Comp.

LU factorization without pivoting:
diagonally dominant;
positive definite;
totally nonnegative.

Higham shows
If A = B + iC, where B,C are real positive definite (CSPD),
then A admits LU decomposition without pivoting;
The growth factor ρ(A) ≤ 2.
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Nicholas J. Higham:

Fellow of the Royal Society

SIAM Fellow

(http://www.maths.manchester.ac.uk/ higham/)
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Higham’s work

N. Higham’s 1998 paper, p.1594
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Higham’s Conjecture?

Ikramov and Kucherov, 2000, in NLA,
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Higham’s Conjecture?

George, Ikramov and Kucherov, 2002, in NLA,
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Higham’s Conjecture?

M. Lin, 2013, in Calcolo,
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Higham’s Conjecture?
LI, GUO, AND GU, 2013 May,
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Higham’s Conjecture?

Higham’s proof is incorrect (his 2002 SIAM book Accuracy and
stability of numerical algorithms, 2nd ed., p.210), then it becomes
a Research Problem (p.212).
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Higham’s Research Problem

F. Zhang Matrix Decomposition



Higham’s work

N. Higham’s 1998 paper, p.1594, what is wrong?
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Higham’s Conjecture?

Emails: From: Ikramov To Higham, Tue, 30 Nov 1999
Dear Nick,
... I cannot understand your proof of Theorem 2.5. Why are you
squaring an inequality like <((A21A

−1
11 A

T
21)jj) < <((A22)jj),

whose left-hand side may be negative? Could you explain this to
me? –Khakim

From Higham to Ikramov, Thu Dec 9, 1999
Dear Khakim,
You’re right - there’s an error in the proof of Thm 2.5.... I’ve not
been able to spot a quick fix to the proof. But I feel that a short,
elegant proof should be possible - if you think of one please let me
know. Best wishes, —Nick
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Higham’s conjecture: ρ ≤ 2

George, Ikramov, Kucherov, 2000, 2002, 2004, Higham
matrix=CSPD and Generalized Higham (accretive-dissipative)
matrix

A = B + iC = M + iN,

where B,C are real symmetric positive definite (rspd over R)
M,N are complex Hermitian positive definite (over C).
If A = B + iC, where B,C are rspd, then B = M,C = N .

In general, B 6= M,C 6= N : Take A =
[

2 i
−i 2

]
. Then

A = B + Ci =
[
2 0
0 2

]
+ i

[
0 1
−1 0

]
= A+ i0 = M + iN,

ρ ≤ 4, 3, 2
√

2, 2.
S. Drury (2013LAA)
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Other work

Lin’s problem on the partitioned Higham’s matrices:

A =
[
A11 A12
A21 A22

]
, where A11 and A22 are square.

|detA| ≤ γ| detA11||detA22|.

S. Drury, M. Lin, C.-K. Li & N.-S. Sze ... “race"?

Speaking of race...
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Li & Zhang
CK’s speed!
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Li & Zhang
CK’s speed!
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Why this decomposition: Motivation II

Let A be an n-square complex matrix partitioned in the form

A =
[
A11 A12
A21 A22

]
, where A11 and A22 are square. (1)

Lin & Zhou [J. Math. Anal. Appl. 2013]: Let A ∈Mn be
(accretive-dissipative and) partitioned as in (4). Then for any
unitarily invariant norm ‖ · ‖ on Mn,

max{‖A12‖2, ‖A21‖2} ≤ 4‖A11‖ ‖A22‖ (2)

‖A‖ ≤
√

2 (‖A11‖+ ‖A22‖). (3)

Recent developments by S. Drury, C.-K Li & R. Sze, M. Lin, etc.
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Numerical range; sector

For A ∈Mn, the numerical range (or field of values) of A is the
set in the complex plane

W (A) = {x∗Ax | x ∈ Cn, ‖x‖ = 1}.

For α ∈ [0, π2 ), let Sα be the sector in the complex plane given by

Sα = {z ∈ C | Re z > 0, | Im z| ≤ Re z tanα}
= {reiθ | r > 0, |θ| ≤ α}.

Stable matrix (or Hurwitz matrix): if every eigenvalue of has
strictly negative real part, i.e. Re(λi(A)) < 0.
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W (A) and Sα

Gustafson & Rao,
Numerical Range,
Springer, 1997

Sα: All points
between the two
rays.

W (A) in Sα
W (A) in Sπ/4
accretive-dissipative
matrix (a.d.m.)
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Rotation

Numerical Range rotated
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Sectoral decomposition

Theorem (Sectoral decomposition)

Let A be an n× n complex matrix such that W (A) ⊆ Sα for some
α ∈ [0, π2 ). Then there exist an invertible matrix X and a unitary
diagonal matrix Z = diag(eiθ1 , . . . , eiθn) with all |θj | ≤ α such that

A = XZX∗.

Moreover, such a matrix Z is unique up to permutation.

Similar decomposition appeared in [D. London, AMS Proc. 1981].
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The Cartesian (Toeplitz) decomposition

For a square complex matrix A, the Cartesian (or Toeplitz)
decomposition is A = ReA+ i ImA = M + iN , where

ReA = 1
2(A+A∗) = M, ImA = 1

2i(A−A
∗) = N.

M,N are Hermitian:

x∗Ax = x∗Mx+ i(x∗Nx).

If M,N > 0 (positive definite), then W (A) is contained in the 1st
quadrant; A is called accretive-dissipative. W (e−π/4iA) ⊆ Sπ/4.
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Proof outline
Existence. A = M + iN = ReA+ i ImA (Cartesian
decomposition). Since W (A) ⊆ Sα, A is invertible and M > 0
(positive definite). M and N are simultaneously *-congruent and
diagonalizable [Z., Matrix Theory, p.213]. A = QDQ∗. Since
W (A) ⊆ Sα, W (D) ⊆ Sα. Thus D = diag(d1e

iθ1 , . . . , dne
iθn),

where dj > 0 and |θj | ≤ α, j = 1, . . . , n. A = XZX∗,
X = Qdiag(

√
d1, . . . ,

√
dn) and Z = diag(eiθ1 , . . . , eiθn).

Uniqueness. A = XZ1X
∗ = Y Z2Y

∗. Assume Y = I. Show Z1
and Z2 have the same main diagonal entries. We show β ∈ C is a
diagonal entry of Z1 with multiplicity k if and only if β is a
diagonal entry of Z2 with the same multiplicity. WLOG, assume
β = 1. Let Z1 = C1 + iS1 and Z2 = C2 + iS2. Since β = 1 is a
diagonal entry of Z1 with multiplicity k, 1 appears on the diagonal
of C1 k times, so S1 has k zeros on its diagonal. Thus
rank (XS1X

∗) = n− k. As XS1X
∗ = S2, we have

rank (S2) = n− k. So C2 has k 1’s on its diagonal, concluding Z2
is permutation similar to Z1.
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Useful consequences

Corollary

Let A be an n× n complex matrix such that W (A) ⊆ Sα for some
α ∈ [0, π2 ) and let A = XZX∗ be a sectoral decomposition of A,
where X is invertible and Z is unitary and diagonal. Then

1 I ≤ secα (ReZ). (Loewner order)
2 RR∗ ≤ secα

(
R(ReZ)R∗

)
for any matrix R.

3 σ2
j (R) ≤ secαλj

(
R(ReZ)R∗

)
≤ secασj

(
RZR∗

)
for any

R and j. Here σi(·) for singular value, λi(·) for eigenvalue.
4 σ2

j (X) ≤ secαλ
j
(ReA

)
≤ secασ

j
(A) for all j = 1, . . . , n.
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Construction of a sector through the Cartesian
decomposition

Theorem

Let A be an n× n complex matrix with the Cartesian
decomposition A = M +Ni, where M is positive definite and N
is Hermitian. Then the matrix Z in the sectoral decomposition
A = XZX∗ is determined by the eigenvalues of M−1N . Let µj be
the eigenvalues of M−1N and let 1 + iµj = |1 + iµj |eiγj , |γj | < π

2 ,
j = 1, . . . , n. Then Z = diag(eiγ1 , . . . , eiγn).
Set γ(A) = maxj |γj |. Then W (A) ⊆ Sγ(A).
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Another corollary

Corollary

Let A be an n× n complex matrix such that W (A) ⊆ Sα for some
α ∈ [0, π2 ). Then there exist a normal matrix Λ such that
A = (ReA)1/2Λ(ReA)1/2. Moreover, ‖Λ‖2 ≤ secα for the
spectral norm ‖ · ‖2 on Mn.

Proof. Let A = M +Ni with M = ReA and N = ImA. Take
Λ = I +M−1/2NM−1/2i. Then Λ is normal.
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The numerical ranges of A, Z, and Λ

W (A),W (Z),W (Λ)
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Rotation

Numerical Ranges of A, Z, Λ
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Norm inequalities

Let A be an n-square complex matrix partitioned in the form

A =
[
A11 A12
A21 A22

]
, where A11 and A22 are square.

Lin & Zhou [J. Math. Anal. Appl., 2013, Theorem 3.3]:

Let A ∈Mn be accretive-dissipative (W (A) ⊂ 1st quadrant) and
partitioned as above. Then for any unitarily invariant norm ‖ · ‖,

max{‖A12‖2, ‖A21‖2} ≤ 4‖A11‖ ‖A22‖.

Q: 4→ 2?
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Norm and majorization

Lemma

Let A ∈Mn have W (A) ⊆ Sα for some α ∈ [0, π2 ). Then

σ(A) ≺w secαλ(<A).

Equivalently, for all unitarily invariant norms ‖ · ‖ on Mn,

‖A‖ ≤ secα‖<A‖.
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Application of the decomposition

Theorem

Let A ∈Mn be partitioned as above and assume W (A) ⊆ Sα for
some α ∈ [0, π2 ). Then for any unitarily invariant norm ‖ · ‖,

max{‖A12‖2, ‖A21‖2} ≤ sec2α ‖A11‖ ‖A22‖.

Proof. Let A = XZX∗ and partition X as X =
[
X1
X2

]
,

X1 ∈Mp×n. Then ReA11 = X1(ReZ)X∗1 ,
ReA22 = X2(ReZ)X∗2 , and A12 = X1ZX

∗
2 . With (a bit) help of

majorization theory,

‖A12‖2 = ‖X1ZX
∗
2‖2 ≤ ‖X1X

∗
1‖ ‖X2Z

∗ZX∗2‖
≤ sec2 α‖X1(ReZ)X∗1‖ ‖X2(ReZ)X∗2‖
= sec2 α‖ReA11‖ ‖ReA22‖
≤ sec2 α‖A11‖ ‖A22‖.
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Corollary

Corollary

Let A ∈Mn be accretive-dissipative and partitioned as before.
Then W (e−π/4iA) ⊆ Sπ/4 and for any unitarily invariant norm ‖ · ‖,

max{‖A12‖2, ‖A21‖2} ≤ 2 ‖A11‖ ‖A22‖.

Proof. Set α = π/4 in the theorem. Then sec2 α = 2.
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Norm and majorization

Lemma

Let H =
[
H11
∗

∗
H22

]
be an n× n positive semidefinite matrix, where

H11 and H22 are square submatrices (possibly of different sizes).
Then

λ(H) ≺ λ(H11) + λ(H22).

Consequently, for all unitarily invariant norms ‖ · ‖ on Mn,

‖H‖ ≤ ‖H11‖+ ‖H22‖.
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Norm and majorization

Theorem

Let A ∈Mn be partitioned as A =
[
A11 A12
A21 A22

]
and let

W (A) ⊆ Sα for some α ∈ [0, π2 ). Then for any unitarily invariant
norm ‖ · ‖ on Mn,

‖A‖ ≤ secα (‖A11‖+ ‖A22‖).
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- the end -
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